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Abstract; In this study, an original projection-based algorithm is proposed to treat a family of variational inequality

models defined on a Hilbert space. The method extends Tseng’s extragradient framework by integrating a double inertial

mechanism and a relaxation technique. Provided that quasimonotonicity and uniform continuity hold, the sequence

yielded by the algorithm is shown to converge weakly. In contrast to previous studies on quasimonotone variational

inequality problems, this study requires neither the assumption of Lipschitz continuity for the mapping nor the assumption

that the mapping A satisfies Ax # 0. Thus, this study addresses a more general category of quasimonotone variational

inequality problems. In the final stage, numerical experiments are conducted to showcase the effectiveness and

comparative advantages of the proposed method.
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0 Introduction

This work primarily focuses on a class of iterative
methods rooted in projection techniques, which are
developed to resolve variational inequalities in the
context of real Hilbert spaces.Let H be a Hilbert space
over the real field. Within H, we consider a set C that
satisfies three conditions: it is nonempty, closed and
convex. Furthermore, we define an operator A that
maps every element of C to an element in H. In this
context, the symbols (-, «) and || - | are used to
represent the inner product operation and the induced
norm within H, in that order.

The central task of the Variational Inequality
Problem ( VIP)
denoted here ast € C such that

(At,h —t) =0, YVh e C
The collection of all such valid elements ¢ that

involves identifying an element,

solve the VIP is represented by the symbol S,i.e.,
S=1{te C:{At,h —t) =0,Yh € C|
Correspondingly, the Dual Variational Inequality
Problem (DVIP) is defined as finding a point: € C
such that
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(Ah,h —t) =20,Yh e C

This set of solutions for the DVIP is denoted as
S,,ie,S,={te C:(Ah,h —t) =0,Yh e C} .
Under the conditions of a continuous mapping A and a
convex set C, Theorem 2.1 in Ref. [ 1] established
the relation S, € S. When the mapping A is
pseudomonotonic and continuous, the conclusion S, =
S holds. However, for quasimonotonic mappings A ,
S C S, does not always apply.
mathematical

VIP  provides a  unified

]

framework'”™  for studying a broad range of

equilibrium problems arising from optimization,
economics, engineering, and scientific computing"*'.
Its theoretical foundations and methodological tools
have thereby become indispensable for analyzing
numerous complex systems. Due to the widespread

(57101 have

application of VIP, numerous researchers
developed methods to address VIP and enhance the
convergence rate of these methods, enabling faster
attainment of the VIP solution. The projected gradient
method represents the traditional iterative technique
and can be described as follows
by = Po(t, — AAt,)
where A € (0,L7') and the symbol L is used to

# Corresponding author. Hongwei Liu, Ph.D, Professor.Email ; hwliuxidian@ 163.com.



Journal of Harbin Institute of Technology ( New Series)

characterize the Lipschitz continuity of the operator A.
When the operator A enjoys strong monotonicity and
Lipschitz continuity, it was demonstrated in Ref.[ 11 ]
that the iterates {i,}
converge to the solution of VIP. However, when A is

produced by the algorithm

merely monotone, the sequence {z,} produced by this
algorithm fails to converge to the solution. To address

this issue , Korpelevich''*

introduced the extragradient
algorithm for solving VIP in 1977. The iterative
scheme is as follows:

h, = P.(t, = AAL,)

tyy, = P.(t, = AAh,)

Under the condition that the operator A exhibits
both monotonicity and Lipschitz continuity, with a
parameter A € (0,L”") . This algorithm also has
certain limitations, as it requires performing two

projection operations during each iteration. For
problems with a structurally complex feasible set C,
projecting onto C often entails high computational
cost, thereby limiting practical applicability. To
%) proposed a subgradient

extragradient method, with the iterative process as

address this issue, Censor

follows ;
h, =P.(1, — AAt,)
T,=1{t e H:(1, - A,
tr = Py (8, = AARy)

- h,,t —h,) <0}

] introduced a modified

Subsequently, Tseng'
extragradient algorithm to enhance the computational
efficiency for solving VIP. The iterative scheme is
presented as follows;

h, = P.(t, — AAt,)
byoy = hy, + A(At, — Ah,)

All the algorithms mentioned above employ fixed
step sizes. Although they can obtain VIP solutions,
their

Consequently ,

computational efficiency remains limited.

building upon these foundational
algorithms, researchers have explored the adoption of
adaptive step size strategies. For instance, Cai et

15]

al.'"’ proposed the following algorithm in 2021 ;

h, =P.(t, = M At,)
z, =Py (1, = A Ah,)
L =B(1) + (1 =B,) 2,
The algorithm step size A, is the maximum value

of A\ € {vy,yl,yI’,---| satisfying the condition as
follows .

7
)‘<Ahk —At, b, _zk> s?[ ||tk - h, ”2 + ||hk 3 ||2]

.2

and
T,:={t € HI {t, — A\ At, — h,,t —h,) <0}

For an operator A that is both pseudomonotone
and fails to be Lipschitz continuous, the iteration
sequence {i,; produced by the method can be
demonstrated to possess the property of strong
convergence. Meanwhile, researchers have considered
incorporating an inertial term into the algorithm to

improve its solving efficiency''®*™'*"

. For example, in
2022, Yao et al.'"’ presented an extragradient-type
subgradient method with two inertial terms for solving
VIP. The algorithm format is as follows:

z = 601 — )

w, =t +0,(t, — 1)

h, = P.(w, — A Aw,)

Lo = (1 —a)z, + akPTk<wk - A Ah,)

Within the
approach, strong convergence has been established for

framework of this algorithmic
the iterative sequence {t,| . This result holds under
the key assumption that the operator A exhibits the
property of strong pseudomonotonicity. Additionally,
under appropriate

parameter  assumptions, the

algorithm is demonstrated to achieve a linear
convergence rate.

This work introduces an enhanced version of
Tseng’s extragradient method. A variable step-size
mechanism determined by an Armijo-type line search
constitutes the key modification, replacing the original
fixed step-size scheme. Inspired by Ref. [ 19 ], a
double inertial component is employed within the
algorithm to enhance the rate at which the iterative
sequence converges. Additionally, we consider a
quasimonotone VIP in a Hilbert space where the
mapping A is non-Lipschitz continuous. Unlike the
conventional assumption for quasimonotone variational
inequalities, which requires the mapping A to satisfy
condition At # 0, VYt € H, the quasimonotonic
variational inequality problem discussed in this paper
encompasses  this case'™'. Under appropriate
theoretical conditions, this research establishes that the
iterative points {v,}, which are produced by the

proposed procedure, exhibit weak convergence.
1 Preliminaries
Key definitions and lemmas relevant to the proofs

in the following sections are discussed in this section.
The symbols — and — are adopted in this work to



Journal of Harbin Institute of Technology ( New Series)

signify the weak and strong convergence,
respectively, for the sequence {v_| ,i.e., v.— v and
v, —>v. For any w,. € Hand a,8 € R , then we
have

law +Bull* =ala+p) o’ +

Bla+B) lell’-af llo -]’ (D

Corresponding to every element: € H , one can

find a single closest element P.(¢t) e C which meets
Pe(1) :=argmin{ |2 = h | |

where P.(t) denotes the projection of point ¢ onto the

set C, and this projection mapping is nonexpansive.

Definition 1 Given a mapping A;H — H be a
mapping, we describe A as having the following
properties ;

1) The operator A satisfies the L-Lipschitz
condition on H provided that the inequality below
holds for some constant L > 0

lAw —Av|| <L|w -t ,YVo,. € H
2) It is m -strongly monotone on H whenever the
inequality below holds for some constantn > 0,
(Aw ~Av,w =)y =Zn|ow-t||*, Vo, e H
3) Monotone on H, if
(Aw —Av,w - 1) 20, Vo, e H

4) p-strongly pseudomonotone on H, if there
exists a constantu > 0 such that

(Aw,t —w) =2 0=2{At,w —t) Zullo -7,

VYw,. e H
5) Pseudomonotone on H, if
(Aw,t —w) Z20={Av, —w) =20,Vo,. € H
6) Quasimonotone on H , if
(Aw,t —w) > 0=2{At,t —~w) 20, Vo, € H

Based on the above definitions, we have the
conclusion that: 2) =3) =5) =6) and4) =5) =
6) ,nevertheless, the conclusion cannot be deduced in
the opposite direction.

Lemma 1"
{X.} Dbe defined over an interval

Let the sequences {p.} ,{q,} and
[0, + =) ,
satisfying

Pea < p. + X (p, —p,o)) +q,, Vr=1

+ o

where the sequence {¢,} satisfies 2 g, <+ o and

T=1
there is a constant X € (0,1) for which0 <X_<X <
1 . If it holds true for any arbitrary 7 € N ,then limp, =

piandp” e [0, + =) .

Lemma 2'*' Consider a sequence {u,} taking
values in the underlying space H, and assume that u,
weakly converges to u. Then we have:

liminf || u, —u | < liminf|u, —v]| ,Vo #u
T— %0 T

23]

Lemma 3! Consider

convex subset C € H . For any u € H , we have
(P(u) —u,w-P(u)) =0,YVvecC
Lemma 4'**' Let H, and H, be two real Hilbert
spaces. Suppose an operator A:H, — H, exhibits

a nonempty closed

uniform continuity when restricted to any bounded
domain within H,. If D represents a bounded set in
H,, it follows that its image A( D) under the mapping
is likewise bounded.

Lemma 5> Forany @ € Handa = > 0, the
following inequality holds:
'™ =P —odm) || _ || @ - P(= - pA=) |

a b B

| @ -P(@ -pAw) | < || @ ~P(@ - cdw) |

2 Algorithm and Convergence Analysis

We start by presenting the basic assumptions
needed for the analysis, then verify the weak
convergence of the generated sequence.

Assumptions ;

(A) S, #D.

(B) A is a quasimonotone operator, uniformly
continuous on a real Hilbert space H and sequentially
weakly continuous on the set C. (If a sequence
{v,} € Handv,—v , then Av,—Av ).

(C) Ifv.—wv, then liminf | Av_ || = ||Av | .

(D) T={u € C:Au =0} \S,, is a finite set.

(E) The following are the parameter settings
required for the inertial term and relaxation term in the
algorithm .

ﬁ_ﬂ’al}ng € (2100) H

H0=s6,<60,,, <1;

Be (2,0).

1
.0 < § s é <€, <1—

+B

Algorithm 1. Double inertial relaxed Tseng-type
extragradient algorithm

Initialization : Given parametersy > 0,/ € (0,1)
andpu € (0,1) Let A, > O and u,, u, € H be
chosen arbitrarily.
Step 1:Givenv__, andv_ (7 = 1) , compute
p,=v, + (v, —v,)
h- =v, + HT(UT - UT—I)
Step 2.Compute
s, = Pe(hr = A AR7)
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w, =s, + A (Ah: = As,)
Step 3. Calculate
v, =(1-§)p, +§o,
and update the step size, setting A, = yI"" and the
value of m_ is determined as the least positive
integer m ensuring that the inequality presented
below holds true:
W A = As | <pll 5 s, | (2)
Set7:=7 + 1, and proceed to Step 1

Lemma 6 ' Under the assumption that
conditions (A) —(E) hold, the adaptive line search
step satisfying inequality (2) is rigorously defined.

The proof follows a similar argument to that of
Lemma 8 in Ref.[ 26], see therein for details.

Lemma 7 Assuming conditions ( A) - (E)
hold, the sequence {v,} produced by Algorithm 1

remains bounded and satisfies lim ||v,,, —v. || = 0.
T

Moreover, for any @ € S,,lim | v, — @ | exists.
T

Proof Arbitrarily select a point @ € S, , we

have
lo, =@ 12 = IIs, + A,(Ah, —As,) = ||? =
Is, =@ I * + A7 | Aks = As_ || * + 24, (s, =
@ Ah; —As.) = ||s, + he — b —w@ || 7 +

N[Ane = As_ || + 20 (s, —@ A, —As_) =
| = 24 s, = e 7+ 2(s, = e, -
@) A% || Ahs ~As, | 420, (s, @ Ahe ~As)
(3)
Given the definition s, = P.( 4 — A_Ah:) , the
ensuing derivation leverages fundamental properties of
the projection operator.
(hy =AM AR, —s @ =5 ) <0
Consequently, we get
(s, =heys, —w@m) < A (Ah; @ —5_) (4)
From inequality (3) and Eq.(4), we get
lo, = 17= || b= 1>+ s, =0 | +20s, -
heys, —@) +2s. — b he —s ) + AL ||AR, -
As, ||? + 20 (s, — @ Ah, —As,) < || h: —

@ |7 = s, = A |7+ AT AR = As_ || * +
2)\T<Ah7"m _ST> +2AT<ST _w’AF” _AST> =
| b= 2= s, = A 12+ A2 ] Ade -

As, |2 + 22, (As, @ —5.)
Since @ € S, , we have
(As,, @ —5.) <0 (5)
Therefore, by the definition of step size A, ,
inequality (5) and w e (0,1) , we derive the
following inequality chain;
4 .

lo, @ [2< | he=a |2~ s, = a2+
XA = As, 1P< | = 2= s, -
I N I

S N A L
(6)

From the definition v_,, in Algorithm 1 and

inequality (6), we can obtain:

lv, =@ 7= 1 (1 -€&)p, +éw, —a |7 =
A=E)lp, —@ |7+ o, -@ || -£(1 -
EVlp, —o IP< (1 =¢)p, - |7+
Ell - |7 -£(1 =€) llp, -0, |”

(7)

According tov_,, = (1 = ¢,)p, + £ 0., there is

lv., =p. |l
£,
Substituting the above expression into inequality
(7) ,we obtain
lv,, =@ [P<(1=&) llp,—@ ||”+&, || A -

Ip, o, Il =

wn2—“§§”nmﬂ—mn2 (8)
By the definitions of p, and #, , and Eq.(1), we
have
lp, —@ = llv, +o(v, ~v,,) —~@ ||’ =
|1+ o) (v, @) = a(v,, - @) | =
(A+o)flv,-@ |’ -0fv, ~@ ||*+
o(l+0) v, —v_ | (9)
and
I ae = ||*= v, +6,(v, —v,.) —@ | *=
| (146,) (v, ~@) ~6,(v,, ~w) || * =
(1+6) v, -~ || =6, v, ~= |*+
0.(1+6,) v, v, | (10)
and
l Vw1 ~ Pr ”2 = | Uy — VU, _0'<vr _U-r—1> ”2 =
lv, = v 1? + v, — v | -
20V, —v v,y ) =l e || P
o v, ~v, 12 =20 v, —v, | v, -
vl =0-0) v, -v, ”2 + (07 -
o) v, -v,._, ||2 (11)

Substituting Egs. (9), (10) and (11) into
inequality (8), we obtain
lv, - "< -)0+0) v, - |I”

—@ [P +a(l+o) v, -v |I7] +

oglv

7-1

EL(L+0) v, -@ -6, v, -@ |+
- &,

0.(1 +0) v, —v_ "] - ¢ [(1 -

o) vy = v, 17+ (0" o) llv, v, [|I] =

(A=) +0) +6(1+0) ] v, -@ | -
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[(A-&)o+0.6 ] llv,, — = |7+ [(1 -
1-¢

§)o(l+o) +£0.(1+0,) - (o -
2 1_57
o) v, v 7 - (I -0) v, -
gr
v, |I?
where we define o and 3, as
_1 _gﬂ' 1
a == (1-0)
1_§‘r
B.=(1-¢)0(1+0) +£60.(1+6,) —— (0 -

o)
Therefore , we can obtain
fv, —@ < (1+£06, +o(1-£)) |lv, -

@ |2 = (&0, +a(1-£)) v, —@ | -

a v, —v, |2 +B v, —v,_ | (12)
Next, we define
L= v, -@ |?=(£6, +o(1-£)) v, -

@ |2 +B v, v, ||
From inequlity (12) ,we have
- o= v,, @ |7 - (£.,0,,, +a(l -
E) v, =@ 17 +B vy —v, 7 = v, -
@ |2+ (60, +o(1-¢)) v, —@ |7 -
B llv, v I” < (&0, +o(1 =€) -
(il —o(1 = &E,)) v, — @ |7 -
a, v, —v, | ? +B. v —v, | ’= (0, -
0, = (0., —)E ) v, - ||” —a, |v,., -
v 12+ B v, —v ? (13)
According to 0, < 6_,, ,¢(. <€ ,,and0 <o <
0, <6, ,itholdsforall7 =0.0. —oc =0and@,,, -
o = 0 can be obtained. Subsequently, we can obtain
0. -0<0., -cad(0, -0)§ < (0., -0)¢.,
Therefore, inequality ( 13 ) can be expressed as

r

T+1

T

=
=

follows :
F7+1 - FT

v I <= (e, =B vy —v I

<-o vy v 17 +B v, -

(14)

and 0, ,0 < 1,we have

1 -¢
a == (l-0o)-[(1-§.)o(l+

£,
1_§T+l
o) +&.,0.,,(1+6,,,) - (0'2_0'>:| =p(1 -
o) (o’ — o) - (1 = £&.)o(1 + o) -
2§T+l >B<] _0-) +B<0-2 _0-) _2(] _§T+l) -
2%, >B(l-0) +B(d* ~0) -2=Bo" -
20 +B -2 (15)

B -2
B

and furthermore we can obtain ¢ := Bo” - 280 +8 -2 >
0. Therefore, from inequalities ( 14) and (15), we

From Assumption (E), we have o <

obtain
Foo-TI.<-{llv,-v,["<0 (16)
Therefore, it follows that the sequence {[I .}
does not increase. Based on the definition of I", , we
consequently derive

., =z-0¢00.,+o(1-§.)) v, -@ | ?
(17)

and
Loz v, - ||?-(£6, +a(1-€)) v, -
@ |2 (18)

From0 < § < ¢ < ,we can obtain that,

1+B
lv, —@ |?< (&0, +o(1-£)) |lv,, -

,3+0—(1_§)) v, -

@ ||2+F|=§0||U7—1_w ||2+F1

@ |24 =
+

<@ vg-a@ [P+ (1+p+-+o )T

r

<@ llv,-@ I+ <y -= |*+

I,
(19)

-9
where o:= (1 +8) ' +0(1-§) < 1, this is because

- /2

0'<'B A B & e (0,1) . From

< ,
B (1+p)(1-§)
inequality (19), we have that { |v, —@ ||} is
bounded and {v,} is bounded.
We now prove that lim || v,,, — v, || = 0. From
inequalities (17) and (19) ,we have

I < b, ro(l=¢ ) v, -a |° <

1
Gagt o =6 lv, @ =
I
olv,—@ 2™ Jvg- |* + 1
1 -9
(20)

The following result can be derived from
inequalities (16) and (20) .

gz ||vr+l _vr||2$ E(Fr_rr+l>:
ey =y

1 T+l

e - ||

r-r., s

1 -

This leads to the establishment of z lv,,, -

T=1

. 5.
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||2 SL
(1 -9)

of the series Z |v.,, — v, | *>.Consequently, it can

v

T

<+ o« ,confirming the convergence

T=1

be concluded that lim || v_,, — v, || =0.
We proceed to show that lim | v, — @ || exists

for any @ in S, . From inequalitiy (12), we have

v, -—@ I°< v, -@ |*+ (& +a(1 -
ENCllv, —@ |7 = v, —@ |7) +
BT || vT - v’T—l || ? (21>
whereB, < (1 -&)o(1+0) + 2 + ! _5(0—0'2)
’ 1+8 &
1
dé +o(1 - +o(l - 1.
andé, +o(1=£) < oto(1-0) <
Therefore, based on Y, |[v,,, - v, ||’ <
=1
r,
———— <+ o« , inequality (21) and Lemma 1,
{(1-9)
we conclude that lim || v, — @ || exists for any @ in
S,.
Lemma 8 Under Assumptions (A) - (E),

consider the sequence {v_.| constructed through

Algorithm 1. The ensuing limits are established ;

lim||s, =7 | =0
Py
lim||v, =4 | =0
o
lim ||v, =5, ] =0
T

Proof Based on Algorithm 1 and lim ||v_,, -

v, || =0in Lemma 7,we have
lim,w ||V, = 2 || =lim ||v, = [v, +6.(v, -
T—%
UT*I)J || = llmaT H UT - UT*I || = 0
T

Below, we demonstrate that sequences { #,} and
{w, | are bounded. Since lim || v, — #, || =0and {v,}

is bounded, { #,| can be seen to be bounded as well.
Meanwhile, applying the triangle inequality, we get
the inequality as follows;

| —w || < || Az —v | + [lo, =p || +

I p, —w, | (22)
where lim |[v, = p, | =limo ||v, —v,._, || =0 and
T T—>0%0
lv.e —p. |
lim | p, - o, || =ln—"—"—=<
= g
hm || v7'+l _UT || + || UT _pT || :O
o 3

Taking the limit on both sides of inequality
(22) ,we obtain lim || #; —w_ || =0. As a result, the

sequence {w_ |

.6 -

is bounded. We now prove that

lim || s, = 7, || = 0.From inequality (6) , we have the

inequality as follows:
(L=p) s, =mI?< || he =2 ||* -
lw, = |°
where 1 —u* > 0. With the sequences { 4.} and {w, |
being bounded, one can find a positive constant K > 0
for which
(L=p) s, =m?< | b= |* = |, =
@ |P<(l| b~ || + |0, @ | )(|| 4 -=
I = o, - [) K| # -o.|

Taking the limit as 7 — o« , we obtain lim | s, —

h; || = 0. Finally, we prove that lim v, =s, [ =0.
By the triangle inequality, we have
lv, s, Il < llw, = ac | + || =5,
Taking the limit as 7 — o , we get hj} v, -
s, | =0.

Lemma 9 Under the fulfillment of conditions
(A) - (E), consider the iterative sequence {uv, |
produced by Algorithm 1. Provided that a convergent
subsequence {v, | C {v } exists with v, = @, it
follows that @ € S,or@ € {u € C,Au =0} .

Proof From Lemma 8, we have }LILI lv, =s, || =

Oand lim [|v, — #- || = 0. Since the subsequence v,

converges weakly to @ , it follows that

s —w

—
T ’hTI.' ZD',ZD'EC

Given that li?lsfp | As,, || = 0,the proof strategy
involves two cases, addressing them separately ;
limsup || As,, || =0, Timsup || As,, | > 0

Case 1 Under the
li?lsup | As,, I = 0,the following holds:

condition that

lim || As, || = liminf ||As_ || = limsup ||4s, || = O
koo k koo k ko k
Given that s, — @ and the mapping A satisfies

Assumption (C) , it follows that

0< [A@ || <liminf|4s, | =0

which implies A @ = 0.

Case 2 The condition liini?p [As, [ > 0
guarantees the existence of a subsequence {As”_l} such
that 1}1:2 I As,kl | > 0. For simplicity, we assume that
;}ijf.} | As, | = d > 0. Consequently, N, e N is

guaranteed to exist such that
d
|| ASTk || > ?, Vi= N]

Sinces,, = P( s — A Ahs) , it follows from

Lemma 3 that
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<hrk - /\TkAhrA, =S
which implies that

s=s,)<0,¥YseC

T2

1
(=58 = s) S (s,
Tk

s—s,),VseC

This is equivalent to

1
—(hr, - S8 T STA,> + <Ah71\-aSTA, = hn) <

Tk

(Ahzy,s — hey Vs e C (23)
Next, we show that li?lsup<A heps — by = 0.

To prove this, we will consider two subcases.
a)lf ligpsup)\,k > 0. Since {v, | is bounded,
and
lim v, = 4| =0, lim|v, =s. || =0
It follows that {7 { and f{s, | are bounded.
Given that the operator A exhibits uniform continuity
over any bounded closed convex subset of H, Lemma
4 allows us to conclude the boundedness of {A#,| .
Proceeding to the limit as £ — oo in inequality (23),
we get
lirglsup(Ath,s -ty =0
b) If limsupA, = 0. Define
b k
= Pe(hey = A 17" Ans,)

Since /‘\Tkl’l > A, , by Lemma 5 we have

1
Il hn =t <l Any =5, | = 0,88 k— o0
(24)
and thus ¢, — @ . Consequently, {t”} is bounded.

Under the assumption that mapping A is uniformly
continuous on bounded sets of H , we have
| A#s, (25)
By the line search step size strategy, we know
AU NAP (B = A L7 ARy) = Al || >
pll hey = Pp(hey = ATA,Z_IAth) [
which implies

—At, || >0,as k— oo

1 -
; ” APC(th - /\Tkl lAth) = Ahs, ” >

” hey = Pc(th - )\Tkl_lAh-,,\,) ”
AL
From inequalities (25) and (26), it follows that

[ PC(th - )‘TklilAhT/‘—) |
lim - =0
e ALl
Tk

Furthermore, by the definition of 7, and Lemma

(26)

(27)

3, we conclude that

(hry = )\Tkl_'Ath -t ,8 = tTk> <0,VseC

Th

Therefore ,
1

AL
(A, s —hr) Vs el

Taking the limit as &k — oo

(hr = b »S — tT]L> + <Ah”,t7k = hn) <

(28)
in inequality (28)
and using inequality (24) and Eq.(27), we obtain

limsup{A#h:, s — hr,) =0
b

Thus, based on the proofs of subcases a) and
b) ,we conclude that

liﬂs;lp(/lhfk,s - by =0 (29)
Since
(As, ,s =s,) = <ASTA = Ahs s = B ) +
(Ahz s = hey) + (As, ey = 5,) (30)
and given that }Lril | #7 — s, || =0 and the uniform

continuity of the mapping A on H, one can conclude
that
=0

From inequality (29) and Eq.(30), we have

lim || Ans, - As,, |
}i{}sup(AsTk,s -s,) =0
If limsup(As, ,s =5, ) > 0, it follows that one
k—o v ¢
can find a subsequence {s”’v} of {ka} for which
lim (As,_ ,s‘— s,y >0
k—o k]. kj
Hence, there exists N, € N such that
<As,k ,8 = ka> >0,Vj=N,
J 7
Since the mapping A is quasimonotone, we have
(As,s — STA'Y> >0,Yj=N,

Letting j — o« ,we obtain @ € S, .
If limsup(As_ ,s —s. ) =0, then
k—o k k

/}LIE<AS””S —s,) = lir{_lﬂsoup@ls”,s -5, =0
We define
1
ﬂk = ‘<AST,L.7S - STA> ‘+ k + 1
As,,
n, =—— VYk=N
C s 1

Subsequently, we have
<ASTA,S - ka> + ﬁik >0, <A57k»77”,> =1
Furthermore, we have
(As, s +Om, —s.) >0,Vk=N,
Since the mapping A is quasimonotone, it follows
that
(A(s +Om, ) s +dm, —s,) >0, YE=N,
For k = N,,we have
(As,s =5, ) =(As —A(s + Im, ) ;s + Oym, -
37k> +(A(s +19k7’1-k> »S +19k777k _STA_> - (4s,

.7 .
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ﬂknq> = <AS - A(S + ﬁknrk) S + ﬁknq -

Sq—k> - <A5’19k777k> (31)

Next, we show that }imﬁmm = 0.Since |7, | =

L

I As,, |

follows that lim?,7n, = 0. Taking the limit as k — oo ,
oo k

2
< Y k= N, is bounded andgimﬁk =0, it

since the function A exhibits uniform continuity, the

sequence {s,k% is bounded, and gimﬁm” = 0, the

expression on the right-hand side of inequality (31)
vanishes in the limit. Therefore, we obtain

(As,s —@) =20,Vs € C
which implies @ € S,,.

Lemma 10 Under the conditions (A)—-(E), it
can be established that the sequence {v_| yielded by
Algorithm 1 exhibits a finite collection of weak
accumulation points, with each such point being an
element of the solution set S.

Proof
possesses no more than a single weak cluster point in

We first prove that the sequence {v., |

S, . Assume, to the contrary, that {v_| contains two
or more distinct weak accumulation points @! € §,
and @? € S, with @! # @??. Then there exist two

subsequences {v, | and {v, | of {v_| such that

ol
v, @' andvy, = @?,as k— o

Furthermore, by Lemma 2 and Lemma 7, the
limit lim || v, — @ || exists for any @ € S, , we have

lim v, -@'| = lim ||v, —@'| = liminf |v_ -
T—® k—o k ko k
@! | <liminf ||v, —@? | = lim ||v, —@?| =
f—o k T
lim v, = @ = liminf v, - @] <
liminf |v, — @!'| = lim|v, - @!'| =
k—o k . k

lim || v, - @ |

This results in a contradiction. Consequently,
{v_} admits no more than a single weak cluster point
in S, . Moreover, according to T = {u € C:A(u) =
0f\S, is a finite set and Lemma 9, we deduce that
{v_! has finitely many weak cluster points in S.

Lemma 11 Suppose assumptions (A) - (E)
hold and the sequence {v,}{ has finitely many weak
cluster points @!, @2 --- @™ . From this, there is at
least one positive integer N for which, for all7 = NV |
v, € O, where

m wd — wot

m
O=uee, = n {ju:lu—) >
=1 1= 1,17d || wd -t ||
| @ ]l? = || = |
+
T T

and

| @ - |
4
Proof Let %vfk} be a subsequence of {v_| such

it,d e (1,2, mf 0 #di

Yo = min|

that v;lk—\ @? as k — o .Then we know that

lim (v, @ ~ @) = (@i, @i~ ) Vi d
Fort # d , we have
(@t ai =) = || @ || * =~ (i) =
| & -a ||* & |* | =]
- >
2 2 2
| &t -a||* & |* | &]|*
4 22 (32)
Therefore, for all Vi # d ,
<md’ wd — ! > S || wd — wt ||
| ai = | 4
| @ |- = |°
(33)

2| @t - @ |
From inequalities (32) and (33), when k is
sufficiently large, we have

) @l - @ | @i~ |
vrke {u1<u, || ZD'd—ZD't||> > 4
[l I ||2€
2] @ - |
Hence, for sufficiently large &,
d d
v, € O
where
m wd — wt
@d = ﬂ . T +
MARLERLE | @i - @ ||> > Yo
| @ ]l* = || = |
} (34)
2| =t -
and
N il
Y, = min f;z,d e {1,2,--,m},t #d

From the above, it necessarily follows that

; m wd — ot
0= N

(- - +
t=1,t#d %LL < u > < 70

T et -

[ i

| (35)

20 @i = |

We define O = CJ] O'. 1t will be shown thatv, € O

whenever 7 is sufficiently large. Assume that one can
of {v_}

e

find a subsequence {v, |

T

satisfying the
property thatv, ¢ O holds for all positive integers k.

Given the boundedness of {v, |, it follows that a
subsequence of {v, | converges weakly to @ e C . For
simplicity, let us continue to denote this subsequence
as {v, | with v, — @ . Because v, & 0O, foreveryd e

Tk

{1,2,"',""/} ’
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m wd — ot
) > Y t

et -

2| @t - @ |
Applying the pigeonhole principle, one can find

a subsequence {v, | of {v_| and an index d, € {1,

Tk, T
2,---,m} \{d} such that for alll = 0,

wd — wdo

S,V +
v, & lu:(u, | i = | ) > Y
| @ ||® = || @]l?
2| @i - @ |
and consequently,
- wd — wdo
@ fu(u,————————) > 7, +
| @i = |
| @] - | @h]?

} (36)

20 @i =@ |

From inequalities (33),(36) and the inequality

(i T | @ = @ |
it —wn | 4
R
2 wi—wn] 0T
Bk

2| @l - @ ||
we conclude that @ # @? . Due to the arbitrariness of

d,we have @ ¢ {@! @2 --- @wn} | which cannot
exist. Therefore, v. € @ for all sufficiently large 7 .
Accordingly, one may select a positive integer N such
that the property v, € 0 is satisfied for every 7 = N .

Theorem 1 Assuming that assumptions (A) —
(E) are met, the sequence {v,| generated by
Algorithm 1 converges weakly to @ € S.

Proof From Lemma 7, we have lim | v_,, -

T

v, | =0.Therefore, one can find N' > N such that for
everyr =N , |v.,, —v. || <7, Suppose {v_| has
two or more weak cluster points. Then by Lemma 11,
there exists N = N > Nsuch that vy, € @ andv, €
O, where ¢ #* d and t1,d € {1,2,--,;m(m = 2)}.
Specifically,, we have || vy,, —vy || < v,. However,
from Eqs. (34) and (35) ,we have

m wd — w!

vy € O =':D#d {u(u,m> >y, +
EIE Ak
e
and
w! — wd
vy € @ =d=1,d#1 {u; (-u, | @t — wd ||> <
| @ ]* - || = |°
T 2w - }

Furthermore, we have

wld — w!

>y, +
<UAa” ol — o ||> Yo
| @ |? - | = |° (37)
2| @t - |
and
wd — wt
<_U~”+|, ) > Yo T
R
EX N )
2| @ -

Combining inequalities (37) and (38) ,we get

wil — w!

2y, < <Uw” T Uysrs ) < | Uy —

| =~ @
vy I <

which is impossible. Therefore, within the set of

solution §, the sequence {v_| converges weakly to a

single point, i.e., v,.— @ .

T

3 Numerical Experiment

To illustrate the capabilities of Algorithm 1, we
carry out a series of numerical tests in this section. All
experimental results were obtained using MATLAB
R2023b on a PC equipped with an Intel (R) Core
(TM) i7-6700 processor ( base frequency 3.40 GHz,
max turbo frequency 3.41 GHz) and 16.00 GB of
RAM. For the current procedure, the algorithm halts
when the following condition |v_,, - v, | < e is
satisfied. Here, Iter stands for the total number of
iterations and T represents the CPU time consumed by
the algorithm.

Example 1 The feasible set {2is defined as the
standard unit ball :

Q={t=(t,,1,)" e R*Il |t]|,=<1}

Define the mapping G :£2— R * as follows;
[tl +1, + e J
G(1) =
-t +i, +e?

It can be verified that G is a monotone mapping.
Table 1 presents a comparison of our Algorithm 1
with Algorithm 3.1 from Ref.[ 15] and Algorithm 1
from Ref.[19] under different error tolerances. As
shown in Figs. 1 and 2, our algorithm requires
significantly fewer iterations to converge compared
with the other two benchmark algorithms. The initial
point is set tov, = (1,2), v, = (0.50,0.75) and the
parameter values for both algorithms are specified in
Table 2.
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Table 1 Computation time and iteration steps under different error tolerances

Algorithm 1

Algorithm 3.1 in Ref.[ 15]

Algorithm 1 in Ref.[ 19]

Error &
T(s) Iter T(s) Iter T(s) Iter
1074 3.89 x 1074 39 7.1 x 1073 142 3.9 x 1073 47
10°° 5.90 x 107* 58 8.9 x 1073 1424 4.5 x 1073 72
]O() 5 T % T T T 0 | T T T T T
! —e— Algorithm 1 10 {) —e— Algorithm 1
\ - -Algor@thm 3.} in Ref.[15] 107 [\, - = -Algorithm 3.1 in Ref.[15] ]
Algorithm 1 in Re}t;.[l‘)] ] \ Algorithm 1 in Ref.[19]
~~~~~ Tolerance is 1x10 102F -----Tolerance is 1x10°
5107 F N 1
£ e
104 il
\\‘\\\\‘ 10° f 1
it S . R 1076 frmmmmmm e e e e 4
10° 0 20 40 60 80 100 120140 160 180 200

0 20 40 60 80 100 Tter
Iter
Fig.l & =10 Fig2 £=10"°
Table 2 Parameter settings for the algorithms
Algorithm 1 Algorithm 3.1 in Ref.[ 15] Algorithm 1 in Ref.[ 19]
=0.495,60 =1 = =
T s 0: ) y=05,0=05, 5=0495,0, =1,
= 0225,y = 0.5, =099, = 1.1,
STI os 7099 ® ‘ @, = 0.225 , 1 = 0.9,
=05, =099, 1
= = — Ay = 11
A = L1 B: T+2,f(x) 896 1

Example 2 The Hilbert space under consideration
consists of all sequences with finite squared sum,
denoted H = I*. Define the set

C:={p=(pi,pyssprys) € Help, <

L’T =1,2,-,n,]
r
Consider the operator A:C — H defined through

1
At=(||t|| +)t
el +e
where a > 0. As established in Ref.[26], the problem

has a unique solution S = {0} . On H, the mapping A
satisfies pseudomonotone behavior, while it maintains
uniform continuity and weak sequential continuity on
the subset C. Nevertheless,
Lipschitz behavior over H. For the experiments

it does not exhibit

presented below, we assign the following values a
0.5and H =R ™ (with m taking different values). For
this scenario, C represents the set of feasible points
given by .

1

7’7- = 1’2’."’m%

1
C={peR", -—<p <
T T

In this instance, we determine that the algorithm
terminates when the following condition is satisfied
|v.,, —v. || <107°. A comparison is made between
our algorithm and Algorithm 2 in Ref.[27] , as well
as Algorithm 3.1 in Ref.[ 15]. A graphical and tabular
summary of the results is provided in Table 3, Figs.3
and 4. The algorithm achieves the best performance,
considering both how many iterations are required and
the time needed for computation. The parameters used
are chosen as follows:

Algorithm 1;: o = 0.495,0, = 1,£, = 0.225,y
0.3,/=0.5,u=0.8,A, =0.1.

Algorithm 2 in Ref.[27]: a,

1
?,’)/ = 05,[
7

1 1
O3,lu’ = 0'8’31— = mxf(x) = ?x’)\l =0.1.

Algorithm 3.1 in Ref.[15]:y =0.3,1=0.5,8,
1
i+ 2

1
S(x) =gk = 08,4, =0.1.

Table 3 Performance comparison of all algorithms for different m

Algorithm 1

Algorithm 2 in Ref.[ 27]

Algorithm 3.1 in Ref.[ 15]

Iter T(s) Iter T(s) Iter T(s)
150 123 0.0015 168 0.0049 190 0.0081
500 193 0.0059 276 0.0068 210 0.0091

.10 -
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E- ' ' -o-Algor'ithmvl
) ,\ -» Algorithm 2 in Ref.[27]
1078, Algorithm 3.1 in Ref.[15]}
| ~Tolerance is 1x10°

10!

102
g
=
& 107

104
10°
10

0 20 40 60 80 100 120 140 160 180 200
Iter
Fig3 m =150

R\ ’ —o—Algorithm'l
‘ \ - = -Algorithm 2 in Ref.[27]
1008 Algorithm 3.1 in Ref.[15]{

~~~~~ Tolerance is 1x10¢

0 50 100 150 200 250
Iter
Fig4 m = 500

Example 3 Let H= L’([0,1]) be accompanied
by the inner product defined via integration {p,q) =

1
fp(t)q(t)dt along with its induced norm | p ||
0

Consider the constraint set C

()™
{p e L*([0,1]) ;j ip(t)dt = 2} . An operator F is

constructed via
Fp(1) = max{p(1) 0} ,p e L*([0,1]) ,t e [0,1]
This mapping F satisfies monotonicity and global
Lipschitz continuity, where the corresponding
Lipschitz bound is unity. The projection of an element

p € L’([0,1]) onto C is given explicitly by
1
J tp(t) di

Pep(t) = p(t) - ————,t  [0,1]
de
0
We choose the initial points as wv,(¢) =
1 1
E(97t2 +41) and v,(z) = ﬁ(t2 -e) . Our

algorithm will be compared with Algorithm 1 in
Ref.[19] and Algorithm 3.1 in Ref.[28]. Figs.5 and
6 display the outcomes obtained in the last stage of the
analysis. It can be observed that, under the tolerances
107* and 10™° , our algorithm requires fewer iterations
than the other methods. The following provides the

parameter configurations for every algorithm .

Algorithm 1, o = 0.495,6_ = 1,£. = 0.225,y
0.7,l =0.5,u=0.99,A, =1.1.

Algorithm 1 in Ref.[19].:6 =0.495,6. = 1,u
0.99,a, =0.225,A, = 1.1.

Algorithm 3.1 in Ref.[28]: a, = 0.225,a = 2,
pn=0.99,1, =1.1.

10° ' l e Algorit'hm 1 1
- = - Algorithm 1 in Ref.[19]
Algorithm 3.1 in Ref.[28]
ey Tolerance is 1x10* 1
102
<)
=) =
m b S
107 ¢ RS 3
oy,
- ~
104 Frmmebemm e PSRRI s YN 4
107k : - - n . - y
0 50 100 150 200 250 300 350 400
Iter
Fig5 € = 10°*
10° ' ’ - Algoritﬁm 1
- = - Algorithm 1 in Ref.[19]
104 Algorithm 3.1 in Ref.[28]4
N Tolerance is 1x10°¢
102 p 1
=103 " RS -

L% 103 ¢ - 1
104F " 1
10°¢ " . 1

N
]0—6 = s b i peiin s Heinie mE e = s a e s S B i e e s s e
0 100 200 300 400 500 600 700
Iter
Fig.6 ¢ = 10°¢

4 Conclusions

A relaxed iterative scheme enhanced by a double
inertial mechanism and an adaptive line-search strategy
is developed in this work to handle quasimonotone and
uniformly continuous VIP in real Hilbert spaces.
Unlike
quasimonotone variational

the wusual assumptions in the study of

inequalities, where the
mapping A is required to satisfy Ax # 0, Vx € H, the
quasimonotone variational inequality problem we
consider encompasses this case. Under appropriate
conditions, this work demonstrates the weak convergence
of the algorithmically generated sequence {v,| towards a
solution of VIP. To further

effectiveness, computational tests are carried out to

demonstrate  its

assess the practical performance of the developed
approach.
c11 -
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