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Abstract; In this study, a new extragradient algorithm is proposed, which combines an inexact projection operator with

relative error to solve quasimonotone variational inequality problems in infinite-dimensional Hilbert space. The algorithm

integrates a feasible inexact projection operator into the classical extragradient framework, and theoretical analysis shows

that the method has weak convergence under the assumption that the operator is Lipschitz continuous. In addition, the

strong convergence of the iterative sequence is guaranteed when the operator exhibits strong pseudomonotonicity. The

effectiveness and practical performance of the algorithm are demonstrated through numerical experiments on typical

problem instances. The proposed approach contributes to the advancement of variational inequality theory by extending

the applicability of extragradient methods to broader classes of operators. It also provides a scalable and efficient solution

paradigm for large-scale optimization problems involving quasimonotone structures.
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0 Introduction

The variational inequality problem is formulated
as follows; In the context of a real Hilbert space H ,
given a nonempty subset C C H that is closed and
convex, consider a mapping F'© H— H , we seek an
element x € C such that
(F(x),y —x) =20,VyeC (1)
We abbreviate this problem as VIP''). The set of
all solutions to problem (1) is denoted by S , and is
assumed to be nonempty. The set S, , which consists
of all feasible solutions, is defined by the subsequent
mathematical problem,
(F(y),y -x) =20,Vy e C (2)
Obviously, the set S, is both closed and convex,
and S, C S, For this study, we assume that it is also
nonempty. Given the continuity of the operator F' and
the convexity of C ,if F also satisfies the condition of
being pseudomonotone, then the solution sets S and S,
in Lemma 2. 1 from

coincide, as demonstrated
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Ref.[2].But the conclusion S C S fails to remain true
when the operator is quasimonotone and exhibits
continuity.

To address variational inequality problems, a
range of projection-based methods has been introduced
and rigorously examined in previous studies *7'*/. We
operate in the context of a real Hilbert space H , and
there exists a constraint set C that satisfies three
fundamental properties; it is not empty, closed and
convex. The mapping that identifies the unique point
in C closest to a given vector x € H is formally defined
as the projection operator P, . It is defined by the
following procedure

P(x) = argmin| [y —x iy e €l (3)

Problem (1) may also be interpreted through a
fixed-point perspective, namely, its resolution
corresponds to locating a point of the type :findx* €
Csuch thatx™ = P.(x" —AF(x")), forany A > 0.

By applying the previously introduced formula,
we are able to derive the following iterative scheme,

commonly referred to as the projected gradient
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method. Addressing variational inequality problems
often leads researchers to the Projected Gradient
Method (PGM) , which typically stands out due to its
simplicity and widespread adoption'"’ | as detailed
below :

£ = Po(é, - AF(£))

Assuming F' satisfies strongly monotonicity with
modulus 7 together with L -Lipschitz continuity, then
taking any positive scalar step A ensures that the
iterates generated by the scheme approach exhibit
strong convergence properties, ultimately arriving at
the sole solution to the given variational inequality.
These strict conditions greatly limit the scope of
application of this method in practical problems. If F
only holds monotonicity and Lipschitz continuity, the
PGM is not ensured to converge, as noted in Ref.

[15-16]

[ 14 ]. Korpelevich and Antipin proposed an
algorithm to tackle VIP in finite-dimensional space,
the scheme known as Extragradient Method ( EGM)
can be reformulated as follows:

&=P(§ - AF(E))

£ = P& - AF(4))

It relies on an operator F that exhibits
monotonicity together with L -Lipschitz continuity,
and its iterative updates are performed with a positive
parameter controlling the step length A , which is
chosen from the interval (0,1/L) .

In contexts of variational inequality problems
where the map only satisfies quasimonotone, the
convergence of the interior neighborhood method, as
discussed in Refs.[ 11-12], can be established under
alternative conditions, such as the nonemptiness of the
set S, . In the study of Ye and He'”', a novel dual-
projection scheme was developed to address variational
inequalities with quasimonotone (or potentially non-
monotone ) operators in finite-dimensional Euclidean
spaces R " with the key precondition that the solution
set S, is nonempty.

Typically, each iteration requires solving two
constrained projection subproblems over the feasible
domain. This computational burden becomes
particularly pronounced when dealing with high-
dimensional systems, where the increased number of
variables may elevate

substantially per-iteration

expenses. Therefore, when the method iteratively
deviates from the solution of the considered problem,
it may not be reasonable to perform an exact

. . 2 -23
projection. In recent decades, researchers''> "%’ have
..

successively devised various inexact methods to reduce
the computational cost of projection.

Millan et al.' introduced a new iterative
scheme employing practically feasible inexact
projection  techniques  that  incorporates  the

extragradient method to tackle variational inequalities
(1) with pseudomonotone structure in Euclidean
space of limited dimensionality, building on more
sophisticated projection techniques proposed by many
10. 0, structure  of
method

replaces exact projections with inexact projections by

researchers' Similar to the

traditional extragradient algorithms, this

the following procedure ;
4 e Py(&,,¢ —rF(£))
é‘:H-l € PZ'[(§t7§1 - rF(p‘))

where the mapping F' is pseudomonotone, L -Lipschitz
The step

»/1 =2vy/L , and the error tolerance vy, satisfies 0 <

v, < v . The inexact projection P, is defined as

PY(a,7) ::{z cC:(r—lw-1)<

continuous. size r satisfies 0 < r <

ylt=al?,¥ @ e c| (4)

Motivated by this line of research, the present
study generalizes the extragradient inexact projection
method with a tolerable error to address a category of
VIPs characterized by quasimonotonicity in Hilbert
space. Theoretical analysis demonstrates that, within a
Hilbert space of infinite dimension, if the operator
exhibits quasimonotone behavior and satisfies the
Lipschitz continuity condition, the method achieves
weak convergence, aligning with the convergence
behavior of existing algorithms''® >
mapping  exhibits
pseudomonotone behavior within a Hilbert space, the

Moreover,
assuming that the 0 -strong
iterative method constructs a series of points whose
limit is a solution to the variational inequality, with
the convergence being of a strong nature.

The structure of this study is as follows: Section
1 outlines fundamental concepts and assembles the
foundational theorems essential to proving the
convergence results. Section 2 details an extragradient
algorithm based on inexact projection, along with a
rigorous proof of its weak and strong convergence
under predefined conditions. Section 3 demonstrates
the algorithm’s practical performance and effectiveness
through numerical experiments on typical problem

instances. Conclusions are presented in Section 4.
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1 Preliminaries

Let H be a real Hilbert space characterized by
inner products and norms, indicated as (-, +) , and

-l
b

concept of strong convergence is expressed using the

respectively. To simplify notation, the

symbol — , whereas the presence of weak
convergence is reflected through — .

Assume we have a subset C residing in a real
Hilbert space H . This set C is nonempty and exhibits
both convexity and the property of being closed. The
highlights

characteristics of metric projection P, , frequently

lemma  below some  fundamental
utilized in related mathematical analyses.

Lemma 17 For all 7,0 € H, andn e C , the
following statements hold;

(a) (r = P.r,P,tr - m) = 0. |P.r - Pw|<

I = vl.

(b) P, is firmly nonexpansive, i. e.,
[P =Pl <7 -0 |?= I (r=-P7) = (v~-
Pw)|?, in particular, |[P.7 -7l < |r -9l -
HT - PCTH2 .

(c) A is & -strongly pseudomonotone on H , if
there exists & > 0 such that (Av,7 —v) = 0={A7r,7 -
vy =8|t -v|?.

(d) Ais pseudomonotone on H , if (AT, v —7) =
0={Av,w —7) = 0.

(e) Ais quasimonotone on H , if (AT, v —7) >
0={Av,o —7) = 0.

(f) A is L -Lipschitz continuous on H , if a
constant I, > 0 exists such that the inequality || A7 —
Av| < L| 7 -v| holds.

(g) A is sequentially weakly continuous, i.e., if
{r,} —7, then {A(7,)}| —A(7T) .

Obviously, (¢)=(d)=(e) . Nevertheless, the
reverse implications are not guaranteed in general.

This subsection revisits the notion of feasible
inexact projections over closed convex domains,
building upon foundational work documented in Refs.
[19-20,24-25, 28 ]. This study incorporates several
novel characteristics of feasible inexact projections in
Ref.[ 24 ], which serve as fundamental components
for our subsequent analysis. The formal characterization of
these approximate projections is presented below.

Definition 1 ( Feasible inexact projection'**')
Consider a convex subset C that is also closed within a
Hilbert space H and a nonnegative real parameter
v(y = 0) representing a given error tolerance of

projection accuracy. Let PL(a,£) denote a 7y -feasible
inexact projection operator of & taken relative to
reference point @ € C onto C , which is characterized
by Eq.(4).

Feasible inexact projection Pi(a,£) : H = Cis
the set-valued mapping. This framework extends
conventional projection theory. Below, we analyze
key properties of this generalized operator.

Lemma 2'**' Given parameters y = 0 be error
tolerance, set CC H ,¢é €e H,a € Candy > 0, then

(a) Wheny = 0, P%(a,&) coincides with the
exact projection of ¢ onto C, for all ¢ € H.

(b) The inclusion PY(a,£) C Pl(a,£) guarantees
Pila,g) #0.

(c) Monotonicity: If @ < b then Pi(a,&) C Pi(a,
&) .

(d) An analogous property to the firm non-
expansiveness characteristic of the exact projection
operator is established for the feasible inexact projection,
and its proof is derived by employing a similar line of
reasoning as that found in Ref.[24]. If [, € Pl(a,£) and

l, = Pc(é) , then
G =L IP<é=-¢1°-1(-6 - -
L) I+2yll L —all”
Definition 2 Suppose S is a nonempty subset of
the Hilbert space H . A sequence {£,} C H is said to be
quasi-Fejér convergent to S, if and only if, for allé C C

there exists 7, = Oand a sequence {€,} with Y €, < =,
=0

such that [|€,,, — €[ < || - €| +¢, forallt =1,.
Lemma 3

t+1
Consider the sequence {£,}] C H
and C C H be a nonempty set, and assume that the
sequence {¢,} demonstrates quasi-Fejér convergence
towards C . The following two key outcomes are derived
from the analysis

1) The global behavior of the iterative process,
confirming that the sequence {£,| is bounded.

2)The entire sequence {£,} converges to & , if a

cluster point £ of {£,] lies in C .
Let F : H — H be an operator
defined over a Hilbert space. Suppose C C H be a closed,

Lemma 4'*

convex set that is not empty. Consider ¢, € C,y € [0,
1) and @ > 0. If the points p € PL.(&,,&, —AF(&,)) and
& e Pi(&,,& — AF(n)) , then the following estimates
hold ;

D Im=& Il < IFGE |
Y
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2 & -6 < I F(m) |
Y

Moreover, if the mapping F satisfies Lipschitz
continuity on C with Lipschitz constant L > 0, then the
bound improves to.

& —g ) <MY rAL

F 0
Gy I

" The following characterizations of

Lemma 5 '
those points which satisfy the variational inequality
problem stipulated by the operator F within the confines
of the admissible set C are interchangeable ;

1) The point ¢ is contained in, which denotes the
collection S of all solutions to the associated variational
inequality VIP(F,C) .

2) ¢ e PL(E,E-AF(E)) , foralla = 0.

3) There existsh > 0, such that (F(¢) {(h) —&) =

0, for{(h) e PL(§,& —hF(£)).

Lemma 6 Let {£,| C H be a sequence that
converges weakly to some element ¢ ,then for any y e
H , with y # ¢, the minimal asymptotic distances
satisfy ;

liminf | € =€ < liminf | & =y (5)

Lemma 7"

comprised of nonnegative real values that fulfill the
condition, where ¢,,, < ¢, ¢, +#,, Vit € N | where ¢,
and ¢, are sequences formed by nonnegative numbers
such that {¢,} € [1, + o) , {4, C [0, + =),

Consider a sequence { ¢, |

2 (b, = 1) < » and 2 ¥, < o. Then, we obtain
=1 t=1

that lim ¢, exists.

2 Convergence Analysis

The current section introduces a new iterative
framework designed for solving variational inequality
problems (1) with quasimonotonicity assumptions in
Hilbert spaces. Distinct from traditional projection-
based methods, this
approximations of projections, guided by a suitably

scheme integrates feasible
chosen tolerance condition involving relative error.

Instead of requiring exact projections onto an
acceptable range at each step, the algorithm permits
controlled inaccuracies, improving computational
efficiency while maintaining convergence.

We make some assumptions as follows

(A1) The set S, is nonempty: S, # 0.

(A2) The mapping F is quasimonotone and L -

4 .

Lipschitz continuous.
(A3) The mapping F is weakly sequentially
lower semicontinuous, that is, whenever {£,| C H

and £, — £, it holds that F(&) < liminf||F(&,) |.

(A4) ThesetA ={ze C: F(z)=0}\ S, is a
finite set.
(A5) The step size A satisfies 0 < A <

J1-29y/L.

(A6) 2 g, <+ o,

teN
Building upon the foundational extragradient

framework, this study introduces an efficient variant
that relaxes the requirement for exact projections. The
formal procedural steps of this approach, designated
as Algorithm 1, are outlined below;

Algorithm 1

Initialization ; Choose parameters A > 0, y € (0,
1/2) ,and D, &, <+ o .

teN
Step 1 Select the initial point &, € C , and set
iteration counter t: = 1.
Step 2. Determine the error tolerance v,
satisfying
0<y IF(E) I"<e0sy, <y (6)
Step 3. Calculate feasible inexact projections onto

C as follows
4 e Py(€,,¢ - AF(E)) (7a)

£ € PU(£,6, - AF(4)) (7b)
Stopping rule.: If either ¢, = & or ¢ = ¢, ,
terminate the algorithm. Otherwise, increment:: =1¢ +

1 and return to Step 2.
It is worth noting that from inequality (6), we

have
SV IFE) P<+2,0<y, <y (8)

teN
Consider an iterative process where the first

iterate &, is selected from the set C and for every ¢ €
N, and each subsequent point &,,, is constructed via a
valid inexact projection into C that remains within the
feasible domain. Under these conditions, the entire
sequence { ¢, is confined to C . Furthermore, given
that C possesses the topological property of being
closed, from the aforementioned properties, we can
deduce the following; assuming the sequence {§¢,}
possesses cluster points, each of which is inevitably
contained within the specified solution set C , ensuring
feasibility throughout.

To lay the groundwork for the primary theorem,
we first deduce a key result that is fundamental to its
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development.

Lemma 8 Let {£,] and {4} be the sequence
produced through the execution of Algorithm 1. The
ensuing results are derived from these sequences; for

& e S, , I}imel - &|| exists, lime, - 4| =0, and
}iTHfHI _§[H: 0

Proof Wesetz, =¢ — AF(&) , foré e S, ,
we have
€. = €I = 1€, =217 + [lz, - €I -
2<§t+l _zt’ _Zt> == Hgti-l _ZZHZ +

HZL - 'fHZ + 2<zl - §l+l ’g - §L+l>
Since &,,, € PV(&,,z,) , foré e S, CC, (z —
§t+1 ’ f - §z+l> g F)/x Hfﬁl - fr Hz ’We get
1€ =P < llz, = €IP = €. -2 17 +
27: H§t+l _ftHz
According to the definition of {z,} ,
lz, = €I? = l€. =27 = & - AF@) - &[7 -
€, =& —AF(@)|P = [lg —€l* - 1l& —€..17 +
2)\<F("0‘) 9§ - §1+I>
So
., — €7 < llg —€IF - € - €., 17 +
A(F(2),6 =€) +2y, €., - &7 (9)
Since £ € S, , for 4 e C, we obtain {(F (&) ,4 -
§> = 0, then
<F(,_0/)’€_’ _§z+l> s <F(“0‘)7"0’ _§t+1>
Noticing that [& -&,,[° = & -alF +
Hy’ _é:“l H2 + 2<§1 - y”y’ - §t+l>‘ We haVe
€. = €7 < [l& - €17 - |€, -2l -
1€ =&, P + 2y, €., - &IF +2(¢ -
AF(&) -0 ¢, - &) (10)
Moreover,
(6 —AF@) - @ £, - @) =(& - AF(¢) -
"0"§1+1 - g’> + A<F(§/) - F("a’) ’§1+1 - g’>
(11)
According to the definition of {¢,} and { &} ,
then using Eq.(4), we get
(€, —AF(£) - @£, - 4) <
v, € - 4| (12)
Substituting Eq. (11) and inequality ( 12) into
inequality (10), we have
€. -7 < g -€IP =g -2 -
1 =& lP +2y, €. —&IF +2y, 1 4 -

E 7 +20(F(&) - F(2) &, - 4) (13)
In addition, (F(¢,) - F(&), &, - &) <
L||& - 4l||€,., - @]l , combined with the inequality
(13), yields
1€, = €7 < [l& - €17 - |¢, - 2l -
1 =€, 17 + 27, 1€, —&I° +
2y, 12 =& + 20L|¢, - @lllé,, - 2l (14)
From Lemma 4, we can get
1€, —€lP < llg, —€P - (1 -aL -
2y) € —@l = -aL) [[€., -4 +
2A%(1 -y +AL)?

AL k)P (s)
(1-v)
Set
n=1-AL-2vy,m,=1-AL
9 C2A(1 -y +AL)?
1= -
(I-y)"
We have
6., — €7 < & - €IF -, ll€ -2l -
m €. = 4P + 8y, [F(E)IP (16)
Then, considering that 0 < 7y, < 7y, and

1 -2y/L, thereforen, > 0,
n, > 0. Thus, it follows from inequality (16) that

l€.,, —€IP < [l& - £IF + 3, v, |F(&) |

According to Definition 2, the inequality stated

assumptions 0 < A <

above indicates that the sequence {¢,| exhibits quasi-
Fejér convergent toward the S, . Assuming that S, is
nonempty, this conclusion directly follows from term
1) of Lemma 3, we imply that {£,} is bounded. Then

by Lemma 7, inequality (6) and assumptions 2 g <

teN

+ o , we obtain that lim||¢, — EH exists.
11—

Then from inequality ( 16 ), sum both sides

simultaneously, we obtain

M€ =27 < ll€ -€1° - €., - €I +

19] ’Yr HF(ft) Hz

We can get

Y . —alP <llg -&lP +9, X v |FE&)I <
t=1 =1
+ o

Then

lim €., - 21 =0
Using a similar approach, we have lim| &, — &[] =

O‘ ACCOI‘ding tO H§t+l - ngg Hé‘:ﬁ-l - l‘0‘H+ Hy’ - f: Hy
therefore

llirorcl “§[+l _f[HZ = 0
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Lemma 9 Let {£] be a sequence produced
through the execution of Algorithm 1. The ensuing
if E is a
weak clustering point of {£,} and lim ||& - &|* =

results are derived from these sequences:

thenge S, orF(g) =0

Proof: According to Lemma 8, consider {¢, |
to be bounded,
subsequence { ¢, | from {§& | for which the limit

then it is possible to extract a

condition holds ¢, — g? € C. There are two cases
below.
Case I Assume the following is true.

limsup|[F(£, ) [=0
lim[|F (¢, ) |= liminf[| (£, ) [= 0
Then

0 < |F(&) |I< timinf| F(£,) | 0, F(£) = 0

Case 1II Assume the following is true,
limsup [ F(£,) | > 0,lim [ F(£, ) |= M, = 0. We may

assume, without sacrificing generality, that the
subsequence of { F (¢€,) | is itself, as the reasoning for
a proper subsequence follows analogously. According

to hme - &|=0, then llmHF( 2,) =M, = 0. This

implies the existence of a threshold index, denoted
t, € N, starting from which the following condition
holds universally; for
|F(@,)| > M,/2 holds.

Then according to &, € Py(§, ,§,

each subsequent term,

—AF(E))

SO

(&, —AF(&) —@,,2-4,) <
1" Hfl” an VZ € C
Divide both sides of the inequality by A ,

(¥

Y
7<§ ’n, _y’n> =

(F(&,),2-4,), Vz e C
Rearranging the inequality gives

1
T<§z" _"0‘" e ‘n> <F(§ ) F(p’n) Z~

tll

4,y <

Vi

ln ? + F n)
g, - 2.} + (F(2)
According to lim||£, - &, =
are bounded, A > O,

have
0=< 11m1nf<F( )z — &) <
‘n> <+
There are two Cases A and B below .
6.

n

'n> VZ e C

0 {f } ’n
the limit of {{, } exists. We

llmsup< F(%,)

Case A Ifhmsup<F( i) 52 — &y > 0, this

leads to the conclusion that there exists a subsequence
{4, of { r,l} which exhibits the essential behavior

that11m<F( g &,) >0, AN, =0,Yi=N,,
<F( ‘n; ’n> > O
According to the quasimonotonicity of F, Vi=
Ny, (F(z),z2-8,) =0, fori—>w , &4, § then
<F(z),z—§?> =0,Vze C, Soge SD.
Case B: If limsup(F(&,),z - 4,) =0, then
lim{F(&,) z—ﬂ,,>=1iminf<F(£ )Y, z2=8,) =
llmsup(F( i) L,l> =0
We set
1 F(4.,)
‘<F( fn r,,>‘+ ’ I”: 2
n+l1 IF(2,) |l
Then, for Vn e N ,(F(&4,),z-4,) +&, >0,
<F< fn > = 1
We can get (F(¥4,),z - 4, +¢0,) >0,
according to the quasimonotonicity of F , then { F(z +
£,0, ),z-4,+¢0, ) =0.S0
(F(2),z2- 4, +¢&,0,) =
(F(z) ~F(z+&,0,) ,2-¢,+¢&,0, )+
<F(Z+‘9r105")az_ +80 > =
<F(z)—F(z+8”l) z f,,+8”0l>2
- IF(z) - F(z +8,L Iz -2, +e0 =
-&,Llo, |z -2, +s,0, =
L
&, o illa =4+ 8,6, 1=
IFC2,) |l "
2L
- 8” 7HZ ’n + 8”01 H
M]
1 .
We have [0, |= {6, } is bounded,
SN TR YR
since {:.”/,L} is bounded, when n — « , &, — 0, so
{lz -4, +¢,0, [} is bounded. we have <F(z) ,Z =
§>/O Yze C, feSD.
Lemma 10  Produced by Algorithm 1, the

resulting sequence {&,} possesses only finitely many
cluster points within the set S .

Proof: We start by investigating whether the
iterative process {£,| may converge weakly to several
different  limit

uniqueness of its weak limit within the set S, , under

points, rather than exhibiting

certain conditions. Suppose, contrary to what we aim

to establish, that two distinct elements ¢ € S, and

£ e S, serve as a separate weak cluster of

subsequences of {¢,| , with E # {:f . Assume there
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exists a subsequence {f,,.i that converges weakly to

some point £asi approaches infinity. Recalling that for
lim||€, — €] is well-defined for all ¢ € S, , we invoke

Lemma 5 to proceed with the analysis,
lim¢, - £[=lim[¢, - &]=liminf£, - ] <
liminf¢, - £]= lim|l¢, - £]= lim €, - €=
liminf|¢, —¢] < limin|l€, - €= lim|¢, €=
lim[¢, - £|

This leads to a contradiction. Noting that the set
A={ze C: F(z)=0} \S, contains only finitely many
elements, by applying Lemma 9. This
topological
sequence {&,} possesses only
finitely many weak cluster points within S .

Lemma 11
of the iterative process { &, is finite, denoted by &,,
§29§3’”"§p .

there exists some sufficiently large index Z , all

logical

deduction leads to an important

characteristic; the
Suppose the set of all limit points
This structural property guarantees that

subsequent terms of the sequence will satisfy the
condition that when ¢t > Z , each £, belongs to set @ ,

where we define :
P
Q = U Q

f I&1* - §,~2}
]1#,{5 <§’H§1 §H> © " g gl

and the separation parameter €, is given by

:51 &l
4

€

Jg e {1,2,3,-,p} 1 ¢j}
Proof: Consider a subsequence {¢, } extracted

from the original sequence {£,} , which satisfies the
condition that §, — ¢, asi— o , we get Vj # [,

lim(¢, £ - &) = (.6 -8)  (T)
Forj # [, we have
<§1,§z _§j> = Hf[Hz - <§z»‘fj> =
lg, = &1 lEl g1 NE -1
2 T2 T2 4 7
(771 1
s T, (18)
This implies that Vj # [,
7 & -¢ > & - &l . (F71 e P
ey 2llE - &
(19)
From Eq. (17) and inequality ( 19), for all :

beyond a certain threshold, it follows that

» g =&l 1&1” -
E,> & ¢ 3

§2}
{5 <§’H§, ¢ i Talg g

Therefore, when i is sufficiently large, we have

& € 9, where

-¢ (PP
0= A Q@
Ao ey “el) 79t e g
(20)
and
¢ =m {fz éH L e ;1,2,---,p},l¢j}
4
Next inclusion is immediate ,
&-¢ 6,-2—512}
qu<f§ S R P
(21)

P
Set @ = U @, . The subsequent argument aims to
i=1

demonstrate that this relation ¢, € Q eventually extends
Should this
not be the case, one could identify a subsequence
{&, ) of {£,} for which ¢, ¢ 2(Vn) . The bounded

nature of the sequence {5,”}

to the entire sequence for large enough ¢ .

then guarantees the

existence of a weakly convergent subsequence,

hereafter simply referred to as {§, } —~ ¢ e C. For
convenience and without loss of generality, we
continue to use the notation {f,”} of the subsequence,

which satisfies ftnéé . Noting that £, does not belong

to the set @ , it follows that for VI € {1,2,:-,p!| ,
next certain condition holds,
gl $ Ql =
-¢ 1€ 17 = 1€
{f €25 5, +”}
j=l# Hf/ é‘: H 2H§1 _g,H

By invoking the principle of drawer, we can find
a further subsequence {¢, } extracted from {¢, } and

I\ {1}, such that the
property in question remains valid for all: = 0,

along with [, € {1,2,-,p

é, €117 - 5102}
§"¢%<£a e -& > 2 -g,
We have
&, I1€,17 - 5102}
{§<5§1a0> “ " 2lg - g,
(22)
Combining inequalities (18),(22) and
” -é, ' 1€ =&l &P - 1€, _
Z’H‘f[ ‘f[OH 4 2H§1 _§ZOH
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€1 = 1€, I
€ *F
2H§/ - ‘f[oH
we geté # &, . Since [ is arbitrary, we have é ¢

{¢,,6,,--&,} , which leads to a contradiction.
Therefore, the sequence elements &, will lie in the set
Q for all large enough ¢ . In other words, there exists
Z, > 7 , such that for everyt = Z, , such that¢, € Q.

Theorem 1 A weak convergence result is
established for Algorithm 1; the sequence {&,} of
iterates that it produces is guaranteed to have its weak
limit in the solution set S .

Proof .
the foundation for the next step, enabling us to deduce
that Ilime - &= 0. It therefore follows that one

The conclusion of Lemma 8 provides

t+1
can find an index Z, > Z, > Z , for everyt = Z, ,
the relation [|£,, - & | < €, remains valid. We
consider the scenario where the sequence {£,} admits
multiple distinct weak cluster points. Then, applying
Lemma 11, we deduce that there must be some Z, =
Z, > Z, > Zfor which¢, e 9, , and§,,, € 9,
{1,2,-=-,p} and p = 2.
Particularly, this ensures that .
170 = &2l < €
Using inequalities (20) and (21), we get
523 € 9=

where [ #j,l,] €

4 . & -§
.f=1.1¥1{§. <§’ [ fz _f_,- | > T
[T e (' ||2}
2010& =&l
§Z3+1 € sz
J4 i fj_érz
zam¢§< “le-el

& 17 - 1§ ||2}
€ +
20 &-¢&l

Moreover, we obtain

£ -¢ e 17 1€ 1
- 23
ey R T
and
£ -¢ LE1P- 1€ I
Sl e e 70 2 g e |
(24)

Combining inequalities (23) and (24), we get
‘fl - 'f
2€0 <€)~

! SR I A A

§z3 I <e€

> g ” §Z3+1 -

(25)

The assumption leads to a contradiction. As a
result, we must accept that the sequence | ¢}
possesses a single weak cluster point belonging to the
set S . This observation leads directly to the deduction

that £ — & .
Theorem 2
operator F exhibits both §-strongly pseudomonotone

Under the assumption that the

and L -Lipschitz continuous. Algorithm 1 produces an
sequence | &,| that exhibits
convergence toward a unique solution within the set S .

iterative strong
Proof: From inequality (9), forg e S, we
can get
€0 - €1 < &, - €7 = 1€, - £ +
2A<F(p’> 5§ - §[+l> + 2’},L ngl - §1H2
From the property that the operator F is 8-strongly
pseudomonotonic, we can get; for & e C, (F(§),
g - &) = 0,then (F(&),8 - &) =8| - ¢|P.
Therefore
<F(g’) 5g’ _§1+1> :<F("0’) a§_§[+l> + <F(y’> ’
=& = (F@) &-¢.) +8la-¢lf
(26)
Putting inequality (26) into inequality (9), we
can get
€. - €lF < ll& &P - llg, - €., +
2A<F(y’> sy’ _§l+l> + 2’)/1 Hé‘ﬁl _ngz -
248 |4 - &
Rearranging the above inequality, we obtain
& ~€F <& -€lP-1l& - alP- 12 -] +
27[ Hgnl _f[HZ + 2)‘<‘ft - F(g’) - g”‘fﬁl -
g) -2a8 |4 - ¢
Substituting Eq.(11) and inequality ( 12) into
the above inequality, and utilizing L -Lipschitz
continuity of ', we can get
€. - €lF < ll& - &P - llg, -l -
1o =&, 17 + 2y, €., - &7 +
2y, 1@ - &P + 20(F(£) - F(&) ¢, -
2y -2A8 |14 - ¢lF < & - €l -
Hf[ - ngz - Hg‘ - §1+1 HZ + 2’)/1 H§[+1 - f[H2 +
2y, 12 - €17 +2aLlg, - 2llllé.., - <l-
208 || - €IP
The next proof process is similar to inequalities
(14) ,(15) and (16) of Lemma 8, we have
€. = €IP < € —€° - m, € -4l -
m, 1. = 2l - 248 4 - €[ +

t+1
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Sy, IFCED I
Sincen, > 0,m, > 0,
I - €lF < ll& &l -2a8 (1@ - £ +
Sy, IF(EDIP
Rearranging the above inequality, sum both sides
simultaneously, we obtain

208, |12 - ¢l < g - €I +
t=1

3 Yy, [FE)IP <+ o
t=1

Then, we have

lim 4 - £]F =0 (27)

Since [|¢, —gHﬁ g - @+ ||@ - EH , therefore

lim ¢, - ¢]F =0 (28)

Remark 1 This study draws inspiration from a
pre-existing iterative technique documented in Ref.[24],
whose domain of applicability was previously confined
to finite-dimensional Euclidean spaces and to problems
exhibiting pseudomonotonicity. The central aim of the
present paper is to transcend these limitations
fundamentally. We develop a novel framework that
not only lifts the dimensional constraint, allowing
operation in infinite-dimensional Hilbert spaces, but
also relaxes the operative assumptions, thus
facilitating the solution of problems characterized by
the broader

quasimonotone operators.

and more challenging class of

3 Numerical Experiment

Herein, we present a series of numerical
experiments designed to demonstrate the practical
performance and computational advantages of our
method. All codes were written using PyCharm
Community Edition 2024.1.1 and executed on a PC
with an Intel(R) Core(TM) i7-7700T CPU @ 2.90 GHz
and 8.00 GB of RAM.

To support the approximation of inexact
projections without relying on exact calculations, the
work in Ref. [ 31 ] introduces a widely recognized
technique, the Frank-Wolfe ( FW ) algorithm. As
described in Ref. [ 24 ],

approximate

this approach seeks an

projection by solving a linear
minimization problem over a closed convex set using a
optimization oracle. The FW

determines 77 € C serves as an admissible approximate

linear algorithm

projection of a given point v € H onto a convex and

compact set C , which is defined in relation to a fixed
reference point v € C and a nonnegative forcing
parameter y =0, is
formulation :

given by the following

Initialization ; Choose parameters y > 0, initial
pointsv,u € H, and m, € C. Set iteration counter
M = O .

Step 1: Use linear optimization oracle to
compute ;
@, =argmin{(m, —v,y —7,):y € C}
(29a)
¢, =(m, ~v,0, —m,) (29b)

Step 2. Check stopping criterion :
If —¢, <7yl 7, —u |, then stop and return

mI=TT, (30)
Step 3.Update iterate;
@, ‘= min{1, b 5 (31a)
| 7, =, |
Ty =7, +a,(@, —m,) (31b)

Iteration; Setu :=u + 1 and return to Step 1.

According to the analysis in Ref.[ 24 ], when the
termination condition - ¢, < y| 7, - u | s
satisfied, the Frank-Wolfe procedure yields an
approximate projection 7 € C . Specifically, for any
givenv € H and reference point u € H , the output
satisfies the following inequality with respect to the
error bound y ||, —u |*: (u -7y —m) <y | m, -
7 |*, Yy € C. It should be emphasized that the
Frank-Wolfe algorithm introduced in our study is
highly adaptable, capable of generating both
approximate and precise projection results, by setting
a sufficiently small tolerance, it is possible to calculate
the exact projection. For further implementation details
regarding the computation of approximate projections,
see the comprehensive explanation in Ref.[32].

To illustrate the practical application of variational
inequality problems, we analyze two distinct scenarios
involving a pair of bounded linear operators.

Example 1 This article uses the examples in
Ref.[ 4] for discussion. Let C =[ — 1,1] and
20 -1, 0 >1
AO = {6’ Oec[-1,1]
-20-1, 0O <-1
Then, we have a mapping A that is

quasimonotone and Lipschitz continuous. For this
problem, we can also getS, = {— 1} and S = { -1,
0}. The solution here is @ * =- 1.

The algorithm parameters are set as follows: g, =
(¢ + 1), % e [0.01,0.5). The termination

.9.
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criterion is defined as ||, - £|/< 1077 . The inexact
projection algorithm is used to solve the problem, and
of Algorithm 1 different

the outcomes under

combinations of the parameters A and y are summarized
in Table 1. The first column “Init. Pt.” indicates the
initial point, the third column “Iter” indicates how
many iterations the extragradient method required to
converge, while the fourth column “ Num,, ” details
the cumulative count of linear minimization steps
executed by the Frank-Wolfe procedure, and the last
column “CPU time (s)” represents the iteration time.
Therefore, our algorithm can solve this quasimonotone
variational inequality problem.

Table 1 Numerical performance with initial point

& =-03
Init. Pt. A y Iter  Numg, CPU time (s)
0.01 19 12 0.0010
0.11 19 12 0.0020
0.12  0.21 19 12 0.0020
0.31 19 12 0.0020
0.41 19 12 0.0010
-0.3
0.01 8 8 0.0031
0.11 8 8 0.0000
0.27
0.21 8 8 0.0000
0.31 8 8 0.0010
0.01 6 12 0.0010
0.42
0.11 6 12 0.0010

Example 2 The examples in Ref.[ 10] are
used for discussion in this study. Consider the Hilbert
space H , identified with the classical sequence space
l, , consisting of all infinite real sequences that meet a
specific criterion described below ;

g 12+ gy 1P+t g, 74 <+

Assume that G : H— H is defined by

G(g)=(5-1lgl)g,VgeH
where C = {g e H: | g| < 3| . According to Ref.
[10], we know that G is weakly continuous on C ,
and VI(G,C) = {0} . Therefore, G is L -Lipschitz
continuous, and L = 11. And the literature proves that

2

G is quasimonotone on C .
[G(g) —G(y) |l <s1llg-yl
The algorithm parameters are set as follows: &, =
(¢t +1)7" 5 e [0.01,0.5) , The stopping criterion
is defined as when ||¢, — 4||< 1077 . The problem can
be solved by using the inexact projection algorithm.
The results obtained for different initial points and

different combinations of the parameters A and 7y are
.10 -

shown in Tables 2 and 3. The first column “Init. Pt.”
indicates the initial point, the second column “Dim
(m)” indicates the dimension of the initial point, the
fifth column “Iter” indicates how many iterations the
external gradient method requires to converge, and the
last column “CPU time (s)” indicates the iteration
time. Therefore, our algorithm can effectively solve
variational

this  high-dimensional quasimonotone

inequality problem.

Table 2 Numerical performance with initial point

) =[1,0,"',09999]

Init. Pt. Dim(m) A % Iter CPU time (s)

0.01 274 0.0636

0.06 274 0.0558

0.11 274 0.0758

0.01

0.16 274 0.0776

0.21 274 0.0814

[1,0,,00099] 10000 0.26 274 0.0678

0.01 64 0.0150

0.06 64 0.0160

0.11 64 0.0519

0.06

0.16 64 0.0120

0.21 64 0.0190

0.26 64 0.0199

Table 3 Numerical performance with initial point
50 =[500,'“950010000’09“"0]
Init. Pt bim Ay e OV
nit. . er
(m) Y time(s)
0.01 312 0.2563
0.06 312 0.2500
0.11 312 0.3820
0.01
0.16 312 0.2334
0.21 312 0.2434
0.26 312 0.2653
[S(X),"',S(Dl(xxx)yoy“',oJ 20000
0.01 71 0.1666
0.06 71 0.1606
0.11 71 0.2932
0.06

0.16 71 0.1636
0.21 71 0.2882
0.26 71 0.1705

4 Conclusions

This study extends an extragradient algorithm
with inexact projection to solve quasi-monotone

variational inequality problems in infinite-dimensional
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Hilbert spaces. While preserving the projection-based
iterative framework of the classical extragradient
method, the proposed approach incorporates an
inexact projection operator governed by a relative error
criterion, which helps reduce computational burden
without sacrificing feasibility. Under mild conditions,
it is shown that if the operator is quasimonotone and
Lipschitz continuous, the algorithm ensures weak
convergence of the generated sequence. Furthermore,
strong convergence is established when the operator
satisfies 6 -strong pseudomonotonicity on the set S over
S,, . Numerical experiments confirm the effectiveness
proposed  method,

demonstrating its potential for solving large-scale

and practicality of the

variational inequality problems.
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