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0 Introduction

Non-classical logic turns out to be a valuable
device for computers to handle uncertain and fuzzy
information. L-algebra has the characteristics of
multivalued logic, intuitionistic logic, and quantum
logic, therefore it is closely related to algebraic logic
and quantum structure, and is a non-classical logical
algebra worth studying. In 2008, Rump' '’ introduced
and investigated the L-algebras, their

characteristics and properties. Additionally, various

exploring

special definitions of L-algebras were presented, and it
was demonstrated that every L-algebra admits a self-
similar closure. In 2012, Rump and Yang'?’ provided
an equivalent characterization of intervals in lattice
ordered groups that can be represented by L-algebra.
In 2019, Wu et al.'*' explored its relationship with
L-algebra by constructing effect algebra. In 2021,
Ciungu'*’ provided characterizations of a special
L-algebra and explores its relationship with other
algebraic structures. In 2023, Kologani'®' investigated
the relationship between the quotient structure of
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CKL-algebras and BCK-algebras. In 2024, Hu et
al.'®" studied bounded algebras from a different
perspective by using a new kind of subalgebra ( dual
ideals) in bounded L-algebras. In the same year, Yun
et al.'”) studied different ideals of CKL-algebras.
Consequently, L-algebras have turned into a focal
point of logic algebra study over the past decade.
When triangle
algebras are a powerful tool. In 2008, Van Gasse et

studying algebraic structures,
al.'®! proposed triangle algebras and proved that there
is a connection between these algebras and special
residuated lattices. In 2010, Van Gasse et al.'’’
explored various distinct filters of triangle algebras. In
2017, Zahiri et al.' ') characterized the structure of
filters in triangle algebras. In 2021, Zahiri et al.' '’
examined several crucial properties of distinct triangle
algebras. In 2024, Zahiri et al.' *! introduced Stonean
algebras and studied the association between the
substructure of special triangle algebras. It can be
observed that both triangle algebras and filters have a
great significance in the study of fuzzy logics and
logical algebras. Filters possess characteristics of non-
classical algebraic logic and play a significant role in
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studying the completeness of logical systems' ™).

From a logical perspective, all types of filters can be
naturally regarded as a set of provable formulas. In
fact, the notion of ideals in L-algebras is the same as
the concept of filters in normal algebras. Therefore,
by studying the structure and properties of triangle
algebras and filters, we can extend these results to
L-algebras, which is the motivations for our research.
Under special conditions, triangle algebras are also
triangle bounded L-algebras. That is, triangle bounded
L-algebras are a generalization of triangle algebras,
we can generalize some results of triangle algebras to
triangle bounded L-algebras. Moreover, we can
bounded

L-algebras by defining triangle ideals and further study

characterize the structure of triangle
the corresponding logical systems through triangle
bounded L-algebra and triangle ideals. By defining
Stonean algebras, under special conditions, we can
observe that the complement space of a triangle
bounded L-algebras forms a complementary lattice.
The primary objective of this study is aimed at
exploring triangle bounded L-algebras and triangle
ideals. Firstly, we extend the definition of bounded L-
algebra to the notion of triangle bounded L-algebras by
adding a constantu ¢ {0,1} and two unary operations
v and w. We present several examples of triangle
bounded L-algebras with different conditions and
explore their properties. Moreover, we investigate the
connection between triangle bounded L-algebras with
special conditions and uw , v, and p , respectively.
Secondly, we give the concept of triangle ideals of
triangle bounded L-algebras to explore the connection
between the triangle ideal I of triangle bounded L-
algebra L and the ideal / N E( L) of bounded L-algebra
E(L). In addition, by introducing the definition of
Stonean triangle bounded L-algebras, we study their
properties and the connection between Stonean triangle
bounded L-algebras and Stonean triangle ideals. We
classify and study various classes of triangle ideals,
including Stonean triangle ideals, extended Stonean
triangle ideals, and lattice ideals. Finally, we
investigate the interrelationships among these various

types of triangle ideals.
1 Preliminaries

Definition 1.1'"
algebra (L, —,1) satisfies the following conditions,

For any w,¢,iy € L, if the

then it is called an L-algebra.
..

(L)l—w=0,0—>0=0—1=1;
(L) (@ —>¢) = (0—y) =
(¢ —w) = (=) ;

(L)w—>¢=¢p—w=1impliesw =¢.

If the operation — is taken as logical implicative,
then there is a partial order on L defined by ¢ < ¢ iff
ey =1

Definition 1.2'>)  An L-algebra is bounded if
it contains the smallest element 0. In a bounded
L-algebra L, if the operation ';w — ' is bijective, in
which ' = w — 0 and w € L, then we call L has
negation ' . The inverse mapping is denoted by v —

0.
In Ref. [ 5], the L-algebra L has double
negation, if ' =w”~ for anyw € L.

Definition 1.3'*' If the L-algebra L satisfies
the condition (K): w — (¢ —w) =1, for anyw,¢ €
L, then it is called a KL-algebra.

Definition 1.4'*' If the L-algebra L satisfies
the condition (C) : (¢ = (¢ > w)) — (y — (¢ —
w)) =1, for any ¢ ,w,¢ € L, then it is called a CL-
algebra.

In Ref. [4], we can find the CL-algebra is
satisfied with condition (K).

Example 1.1 (L=1{0,¢,4,11,—,0,1) is
a bounded CL-algebra and also a KL-algebra, where
the operation — defined on L is presented in Table 1.

Table 1 Cayley table for the binary operation — on L

|0 e g1
0 1 1 1 1
e | 01 1 1
¢,O¢>11
1 0 ¢ ¢y 1

Definition 1.5

((¢—=¢) D) > ((y—e) Do) =
((¢—¢) Do) o

for every ¢,y,0 € L, then it is called a

In an L-algebra L, if

semiregular L-algebra.
Proposition 1.2' "

¢ ,thenw —> ¢ <w—¢yforany ¢o,,w € L.
Example 1.2'°" (L = {0,¢,4,1}, —,0,1)

is a semiregular L-algebra, as shown in Fig. 1, in

In an L-algebra L, if ¢ <

which the operation — defined on L is presented in
Table 2.

w/]\w
V%

Fig.1 Hasse diagram of L
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Table 2 Cayley table for the binary operation — on L

— |0 ¢ y 1
1

=)
6 & =
s - &

1
1
¢

¢

- & 6

Proposition 1.2
then the following conclusions are

For any ¢,y ,0 € L, if L is
an L-algebra,
equivalent.

Desy—o;
2Q)p sy roso—oo;

3) ((¢—=¢) »w) mos ((¢—yY) Do) —

(Y —¢) mw).

We can find that a semiregular L-algebra is
satisfied with condition (K).

Definition 1.6''"  For any ¢,y e L, if the
subset I of L-algebra L is called an ideal, the
following conditions are satisfied ;

1)l el;

2) o, 0> € I e 1

Neel=(e—y) > el;

Heel=p—op—>(o—y) el.

In Ref.[5], we can find that {1} and L are two
ideals of L-algebra L. Moreover, if L is a KL-algebra,
then 4) can be omitted, and if L is a CL-algebra, then
3), 4) can be omitted.

Definition 1.7' ") WecallA= (4, A, V, * ,=,
0,1) is a residuated lattice, if

1) (A, A, V,0,1) is a bounded lattice ;

2) (A, * ,1) is commutative monoid;

oxp <wiffo < yYy>wforanye,f,0 € A.

Definition 1.8 ''*)  In a residuated lattice A ,
ifo* (o=y)=¢ N, forany ¢,y € A, then A is
called a divisible residuated lattice.

Proposition 1.3' " A divisible residuated lattice
is an L-algebra.

Definition 1.9'™'  The structure A = (A, A,
V', *,=,v,u,0,u,l) is called a triangle algebra, if
A can forms a residuated lattice, and for allp,y € A4
we have.

(THrves<e, (T.1") ¢ Spup

(T2) v <wve ,(T.2") pue < ug

(T3) v(e Ap)= vo ANy (T3 ule Nip)=
pe N\ i

(T4) v(e V)= vo Vi (TA)u(e V)=
pe Vi

(T35)vl=1,(T.5")u0=0

(T.6) vu =0,(T.6") pu =1

(T.7) vup =pep ,(T.7") pve =ve

(T.8) v(e=y) < vo=vp

(T.9) (voeory) * (npowy) < (i),
where oo = (o=¢) * (Y=¢)

(T.10) vo=vp < v(ve=vi)
2 Triangle Bounded L-algebras

By generalizing the notion of bounded L-algebra,
that is, by introducing a constant u ( distinct from 0
and 1) and two unary operations v and i , we obtain
the definition of triangle bounded L-algebras. In
addition bounded
L-algebras with different conditions are illustrated,

some examples of triangle
and the properties of these algebras are also studied.

Definition 2.1 The structure (L, —,v,u,0,u,
1) is called a triangle bounded L-algebra, if (L, —,
0,1) is a bounded L-algebra, and for any ¢ ,w € L,
we have.

(TL1) ve < ¢ ,(TL1") ¢ < g

(TL2) vo < wve ,(TL2") pue < we

(TL3) v1 =1,(TL3") 0 =0

(TL4) vu =0,(TL4" ) pu =1

(TLS) vup =pe ,(TLS") pure =ve

(TL6) If ¢ < w , thenue < uw

(TL7) v(p D w) < v — vo

(TL8) If vy =vw, pue =uw , thenp = w

(TLY) vo —»vw < v(ve — vw)

From (TL1)and (TL2), it is obvious that vve =
ve in a triangle bounded L-algebra L. Similarly, from
(TL1') and (TL2"), we have uue = ue . From
(TL1) and (TL9), v¢ — vw = v(vg — vw) can be
gotten. ( TL6 ) and ( TL7) implies that v and w are
increasing operations. According to the conditions
(TL1"), (TL2"), and (TL6), it can be inferred that
¢ <pup =upand if ¢ < w, then up < pw, for any ¢,
w € L. Therefore, w is a closure on L. According to
(TL1), (TL2), and (TL7), it can be inferred that
vwe =vp < g and if ¢ < w, then vy < vw, for any ¢,
w € L, Therefore, v is a dual closure on L .

If the triangle bounded L-algebra L satisfies
conditions (K) , (C) , or it is a semiregular L-
algebra, then it is called a triangle bounded KL-
algebra, triangle bounded CL-algebra or a triangle
bounded semiregular L-algebra, respectively.

Example 2.1'"" LetL = ([0,1], A,, V,,
* — 0,1) be a divisible residuated lattice, where
o V, 0 =max{¢p,w} , ¢ N ,w=min{p,w} ,¢p*w=
min{p,w} ,ifo<w,thenp—ow=1; ifw < ¢,
thenyp — w =w , for any p,w € L.
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Then for

Int(L) = { [401’@2J (¢,9,) e LXL,p < 902}

We define .

(01,0, Olw,,0,] =[¢, %0, ,0, *w,]

[@1 ,§02]=>[(1)] ’wz] =

[(901 4"‘)1) N (§02 sz) »Po sz]

[e,0,] N o,0,] =[¢, N o,,0, N o,]

[o,0,] V [w,0,] =[¢, V0,0, V, 0,]

For any [¢,,0,], [®,,w,] € Int(L). The
structure Int(L) = (Int(L), A, V,O,=,[0,0],
[1,1]) is also a residuated lattice.

We also define a partial order relation in Int(7) ,
Lo, 0] <[w,,0,]o ¢ <o, and ¢, < w,, for any
[¢,,0,],[w,0,] € Int(L). If we define v[ ¢,,p,] =
[901 ,901] , and,u[gol,goz] = [Qz,ﬁoz} ,u=1[0,1], for
any [ ¢,,p,] € Int(L), then

Int(L) = (Int(L), A\, V,0,=,

v,,[0,0],u,[1,1])
is a triangle algebra.

Moreover, we can conclude that Int( L) is also a
divisible residuated lattice. This is because, for any
lo,,9,], [w,,0,] € Int(L) , if there is an order
relation between [ ¢, ,¢,] and [w,,w,] , we can get
that [¢,,0,] < [w,,0w,] or[¢,,0,] = [0, ,0,] . If
[@1%021 = [wl’wzJ , then

[e1,,] A lo,,0,] =

lo) No 0, Nw,] =

[q’l,ﬁoz] = [§01 *1,0, * 1] = [QD“(PzJ@
[1,1] = [@15@2]6[“91 —w,) /\L
(¢, > w,) 0, *’wz:l = [901 ’902] ©
(Lo o, ]=0,0,])

We can use the same method to prove that if
le, @] = [w,0,], then [¢,0,] A [0,,0,] =

[e1,0,]O0([e,0,]=2[0,0,]) .
If there is no order relation between [ ¢, ,¢, | and

[w,,w,] , then we can get thaty, < w, and ¢, > w,,
org, >w,and ¢, < w,. If ¢, < w, and ¢, > w,, then
[@15@2] A I:wl’wZJ =
Lo, Moo, No,] =
Lo, 0,] =[@, *0,,p, *0,] =
[471,902][1 /\/Aw27w2] =
[901402}@[“014"01) AL(€D24}w2>5
¢2Hw2] = [9019@2]@
(Lo o ]=20,0,])
We can use the same method to prove that when
¢, > w,and ¢, < w,, we have
[@15@2] A I:wl’wZJ = I:gpls@z]@
([@1’9021:”:“’1’(”2])
Therefore, Int( L) is a divisible residuated lattice

4 .

(as shown in Fig.2) , according to Definition 1.8.

It is easily evident that Int(L) = (Int(L), A, V,
[0,0],u, [1,1]) is also a triangle
bounded L-algebras, according to Definition 2.1 and
Proposition 1.3.

@,:>,1),,LL,

Consequently, triangle bounded L-algebras are
generalization of triangle algebras.

V4
[0,1] [1,1]

(0,0] x
Fig.2 Hasse diagram of Int(L)

Remark 2.1 If L = (L, —,v,u,0,u,l) is a
triangle bounded L-algebra, then v¢ =vw and up =uw
iff ¢ = w for any ¢, € L.

Proof For any ¢,w € L , according to (TLS) ,
ifveo =vw and uo = puw , then ¢ =w. lf ¢ = w ,
according to (TL6), then we < pw,uw < ue.
Therefore, according to (L3), we = pww. And
according to (TL3) and (TL7),there is 1 = vl =
v(p—w) Svp—rwandl = vl = v(w—¢) Svo—
ve. Therefore, according to (L3), v¢ = vw.
Consequently, if ¢ = w , then v¢ = vw and ue = po.
Therefore, v¢ = vw and up = pw iff ¢ = o for any ¢,
w € L

In a special case, we can get that a triangle
bounded L-algebra solely through the operation v .

Proposition 2.1 Let (L, —,0,1) be a
bounded KL-algebra with double negation, u’ = u for
exists u € L, and v satisfies (TL1) - ( TL5) and
(TL7)-(TL9). If we defineue = (ve')' for any ¢ e
L, then (L, —,v,u,0,u,1) is a triangle bounded L-
algebra.

Proof Let (L, —,0,1) be a bounded KL-
algebra with double negation. According to ( TL1),
we can get thatve' < ¢’ , and sop =¢" < (vp')' =
ue . So (TL1") holds.

We can get that v¢o' = v(ve') = v(ve')",
according to ( TL1), (TL2) and double negation.
Therefore uup = (v(ve')")" = (v(ve') )" = (ve')' =
ue So (TL2") holds.

0 =(0") =(vl1)'=1"=0

So (TL3") holds.

Using the condition v’ =u , we can conclude that
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pu=(va') =(vu)' =0'=1, by (TL4). So (TL4")
holds.

Because yue’ =ue’ by (TL5), we can get that
v(vp)' = v(ve")' = (vp)', and souvp = (v(vp)')' =
(ve)" =ve . So (TL5") holds.

fo<w,thenl=vl=v(w'—¢) <vo' —vp',
since o' < ¢’. So we have vo' < v¢'. We can conclude
thatuep = (vep')' < (vw')' =uw . So (TL6) holds.

Therefore, (L, —,v,u,0,u,1) is a triangle
bounded L-algebra.

Definition 2.2 In a triangle bounded L-algebra
L= (L,—»vu0,ul), wesetE(L)= {¢ e Ll vp=
el,v(L)= {rel @ ell ,andu(L)= {upl ¢ e L}.

It can be observed that vo,ue € E(L), since
vwe =@ and vue =up, forallp € L.

Proposition 2.2 IfL = (L, —,v,u,0,u,l) is
a triangle bounded L-algebra, then

E(L)=v(L) =pn(L) =v(E(L)) =p(E(L))

Proof Ifo € E(L) €L, thenp =vp € v(L)
for all ¢ € L. Therefore, E(L) C v(L) .

Ifo e v(L) €L, theng =vw =purvw € u(l),
since (TL5') and vo € E(L) , for some w € L.
Therefore, v(L) € u(L) .

Ifo € u(L), then ¢ =puw =vuw € v(E(L)),
since (TL5) and uw € E(L), for some w € L.
Therefore, w(L) €S v(E(L)) .

Ifo e v(E(L)), thengp =vw =uvw € u(E(L))
for some w € E(L) by ( TL5).
v(E(L)) Su(E(L)) .

Ifo e w(E(L)), then ¢ =puw € u(E(L)) for
somew € E(L). We can get that ¢ = uw € E(L),

Therefore ,

since Yuw = uw .

Therefore, w(E(L)) CE(L).E(L)= v(E(L))=
v(L)= (L) =p(ECL)) .

Corollary 2.1 If L is a triangle bounded L-
algebra, then E(L) = {¢ € L| up = ¢} and (E(L),
—,0,1) constitutes a bounded L-algebra.

Proof
For any ¢,y € E(L) € L, we have up =uve =vep =

Let L be a triangle bounded L-algebra.

¢, by Definition 2.1 and 2.2. Therefore, {¢ € L| up =
@!. According to (TL1) and (TL9), we can get that
vp — vl = @ — i and s0 v(ve — 1) = v(@ — ).
Therefore, ¢ =y =v(¢ —¢) and sop — iy € E(L).
Moreover, 0,1 € E(L), since 0 = 0 and »1 = 1.
Consequently, (E(L),—,0,1) constitutes a bounded
L-algebra.

Proposition 2.3 If [ is a triangle bounded L-
algebra, thenvep =supiw € E(L) | w < ¢} andugp =
inflow € E(L) | ¢ < w! ,foranyp € L.

Proof If L is a triangle bounded L-algebra.
Because vwop =vp < pforanyp € L , sovp € {w €
E(L) | v < ¢} , we have vp < sup{w € E(L) |
o < ¢} . Moreover, va < vg , since v is increasing
operation, for every ¢ € {w € E(L) | o < ¢} .
e E(L) |

Consequently, v =supfw € E(L) | v < ¢} .

Hence, sup|w 0o = ¢ = vp.
We can get that yuep = up = ¢ for any ¢ € L.
Therefore, we haveup € {w € E(L) | ¢ < w! and
ue = inflw € E(L) | ¢ < w} . Moreover, inf{w €
E(L)| ¢ <w!| =pup , since ¢ < a=ue < ua = a for
everya € {w € E(L) | ¢ < w!| , by Corollary 2.1.
Therefore, ue = infiw € E(L) | ¢ < w}.

Given a bounded L-algebra, it is possible to
generate some triangle bounded L-algebras. Some
examples will be given to illustrate it.

Example 2.2 IfL=({0,a,1},—,,0,1)is a
bounded L -algebra, thenA = (A, —,v,u,[0,0],[0,
1], [1,1]) is a triangle bounded L-algebra, in
which, A ={[0,0],[0,1],[a,a],[1,1]} ,v] &4,
4]=14,4], andul4,4] =[4,4] , for any [ 4,
4],le,,p,] € A. The implication operations defined
on I and A are presented in Tables 3 and 4,
respectively.

[4,4] — [9015@2] =

[4 1P a“ol*’Lgon ,
if(4—,0,) < (4—0,)
[&—,0,,%—,0,], else

Table 3 Cayley table for the implication operation of L

Table 4 Cayley table for the implication operation of A

— [0,0] [a,a] [0,1] [1,1]
[0,0] |[1,1] [1,1] [1,1] [1,1]
la,a] | [0,0] [1,1] [0,1] [1,1]
[0,1] |[0,0] [a,a] [1,1] [1,1]
[1,1] | [0,0] [a,a] [O,1] [1,1]

It is obviously thatA = (4, —,[0,0], [1,1]) is
a bounded L-algebra. Moreover, for any [ 4, 4],
[o,,0,] € A, we can find that 4 < 4in [ 4,4 ] and
[9,9] < [¢,,p,] iff & < ¢ and 4 < ¢,.

We can conclude that v[ 4,4] =[4,4] < [ 4,
G ,ulé, 8] =[4,6]=[4,4] ,v[4,4] =4,
Gl =wl[4,4] ,ulé,6] =14,6] =pu[4,4] ,

.5.
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v[1,1]=[1,1], x[0,0] =[0,0], vul[ 4, &] =
v[4,8]=[4,4]=u[4,4],v[0,1]=1[0,0],u[0,
1]=[1,1],andur[ 4, 4] =ul&4,48] =14,4] =
v[4,4].So (TL1)-(TL5) and (TL1)-(TL5")
holds.

We can observe that in A,
¢, thenpul 4, 4] = [ 4, 4]
©,]. So (TL6) holds.

For (TL7). If &4 — ¢, < 4 — ¢,, then

v(l4,8] —=[e 0 =v([4,8] —[e,0])=

[ 4 =0, =0, = [Ad—0,8 0] =
I:‘-alaglj*’[@la@l] —Vl:gla'-ﬂl}*”/[@u@z]

If4—¢, £ 4—¢,, in fact, this situation will
result in0 —-0 % 1—0, and0—a £ 1 — a, because
0—-0=1%£0=1—0and0—a=1%a=1—a.

We can find that

lf[glasz $ I:gpl’
= [901’902} :M[§D|,

v([0,1]—[0,0])=»[0,0] = [0,0] <[1,1] =
[0,0] > [0,0] =»[0,1] —7[0,0]
and
v([0,1]—>[a,a])=v[a,a] =[a,e] <[1,1] =

[0,0] > [a,a] =v[0,1] > v[a,a]
Therefore,,
v([4,8] »vle,e,]) <
v[4,4] —>V[€0]’g02}
for any [ 4,4],[¢,,9¢,] € A. So (TL7) holds.
Ifv[4, 4] =vlie,0,] ,u[4,4] =ule, ,0,],
thenv[4,4] =[4,4] =[¢,,0,] =v[¢,,¢,] and
wlé, 4] =14, 8] = [@,0,] = ule,,e,].
Therefore, [ 4,4] =[¢,,p,] . So (TL8) holds.
v[4,8] —vle,e,] =14,4] > [ ,p ] =
[4—¢ 84— ]=v[d—>e ,b—0]=
v([4,4] = e, ])=v(v[4,4] —
vie,e,])
So (TL9) holds.
Therefore, we can conclude that A is a triangle
bounded L-algebra.
Example 2.3 IfL = ({0,0,¢,0,1}, —,,0,
1) is a bounded L-algebra, then B = (B, —,v,u,[0,
0],[0,1],[1,1]) is a triangle bounded L-algebra,
in which, B = {[0,0],[0,1],[¢,¢],[¢.¥],[0,0],
(LU vl ] = [y, ], andul o 0, ] = [,
lsz , for any [‘!/1’902]’ [w]’wZJ € B. The
implication operations defined on L and B are
presented in Tables 5 and 6, respectively.
] = o ,0,] =
[llll —>Lwl’¢2 _>La)2j >
if (Y, —0)) < (¢, —>,0,)

[’l’z —,0,,, _’/,wz] , else

Table 5 Cayley table for the implication operation on L

L |0 ¢ ¥ ol

—

1 1
11
11
11
w 1

-8 &6 ©
o o o =

€666 —
ss -~ -

Table 6 Cayley table for the implication operation of B

- [0,0] [e.¢] [¢, 4] [w,w] [0,1] [1,1]
(o,0] | [1,1] [1,1] [t,1] [1,1] [1,1] [1,1]
le, ] | [0,0] [1,1] [1,1] [1,1] [o,1] [1,1]
ly,w] | [0,0] [e,e] [1,1] [1,1] [0,1] [1,1]
[w,w] | [0,0] [@,¢] [¢,p] [1,1] [0,1] [1,1]
[0,1] | [0,0] [e,e] [¢,4] [w,0] [1,1] [1,1]
[1,1] | [0,0] [e,p] [¥,¢] [w,0] [0,1] [1,1]

It is obviously that B = (B, —,[0,0],[1,1]) is
a bounded L-algebra. We can prove that ( TL1) -
(TL6), (TL1 )—(TL5'), and (TL8)-(TL9) hold,
according to Example 2.2.

For (TL7). If ¢, - w, < ¢, — w,, then

v([ ] = lo,0,])=v[Y >0 0, —>0,] =

[ =0 =] = [ 0] —lo,0] =
vl ] orvle,o,]

For any [¢,,¢,],[w,,0,] € B.If), >0, #
¥, — w,, in fact, this situation will result in 0 — 0 &
1—>0and0—>o £1—0, whereo € {¢,f, 0! ,
because 0 -0 =1Z0=1—0and0—>oc =1%o =
1 — o . We can get that

v([0,1]—[0,0])= »[0,0]=[0,0] <[1,1]=

[0,0] - [0,0] =»[0,1] = 7[0,0]
and
v([0,1] —>[o,0])=v[o,0] = [o,0] <[1,1]=
[0,0] Ho,0] =v[0,1] > v[o,0]

Therefore,

v([¢ 0] —lo),0,]) <v[y g,] —>vle o]

For any [¢,,¥,], [w,,0,] € B.So (TL7)
holds.

Consequently, B is a triangle bounded L-algebra.

We can give an infinite example of triangle
bounded L-algebras, according to Example 2.3. If L =
(10,s,t,...,n,...,11, —,,0,1) is a bounded
L-algebra, then B = (B, —,v,u,[0,0],[0,1],[1,1])
is a triangle bounded L-algebra, in which,

B=1{[0,0],[0,1],[s,s],[¢t,t],...,

[n,n],...,[1,1]}

V[§D|’¢2] = [§D|’¢1] , and,u[gouﬁoz] = [§02,
@2] , for any “01’?02] € B.

Example 2.4 IfL=({0,a,1},—,,0,1)isa
bounded L-algebra, then C = (C, —,v,u,[0,a],[0,
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1], [1,1]) is a triangle bounded L-algebra, where
C=1{[0,al,[a,a],[0,1],[1,1]},»[0,1]=2[0,
a] =u[0,a] =v[a,a] =[0,a] ,ula,a] =[a,a],
and u[1,1] = u[0,1] = »[1,1] = [1,1]. The
implication operations defined on L and C are presented
in Tables 7 and 8, respectively.

[‘/’1 ,‘;021 - [(1)1 ,w2:| =
[lpl —0,,, HszJ 5
if(lﬁ1 HLa)l) < (¢2 —»La)z)
(¢, =,0,,0, >,0,], else
Table 7 Cayley table for the implication operation of L

- L ‘ 0 a 1

0 I 1 1
0 1 1
0 a 1

Table 8 Cayley table for the implication operation of C

— [0,a] [0,1]

[
[0,a] |[1,1] [1,1]7 [1,1] [
la,a] |TO,1] [1,1] [0,1] [
[0,1] |[a,al [a,a] [1,1] [
[1,1] [0,a] [a,a] [0,1] [

1,1

[a,a]

5
)
)

>

s [EEEE S

1
1
1
1

—_— e = =

s

It is obviously that C = (C, —,[0,a],[1,1]) is
a semiregular L-algebra with negation. Moreover, we
can find that ¢y, < ¢, for any [, ,¢,] € C.

We use the same method as in Example 2.2, We
can find that (TL1)-(TL6), (TL8), and (TLI1 )-
(TL5") hold.

For any [¢,,¢,],[w,,0,] € C. If§, >0, <
¥, = w,, tenv([, ,] = 0,,0,]) = v[¢, >0,
=0, =Y =0 e ] =Y ] e,
w ] =viy ] ovlo,0,]. Ty —w £, —
w,, in fact, this situation will result in0 —-0 %1 —a
and0—a £1—a, because0 —>0=1ZFa=1—a
and0—a=1%a=1—a. We can find that

v([0,1]—[0,a])= v[a,a]=[0,a] <[1,1]=

[0,a] = [0,a] =¢[0,1] —>v[0,a]
and

v([0,1]—]a,a])= v[a,a]=[0,a] <[1,1]=

[0,a] > [0,a] =v[0,1] > v[a,a]

Consequently, v([¢,,0,] — [w,,0,]) <
vy, ,p,] > v[lw,,0,].So (TL7) holds.

For (TL9), we can obtain that ( TL9) holds
through verification. Therefore, we can conclude that
c=(C,—,v,u,[0,a],[0,1],[1,1]) is a triangle
bounded semiregular L-algebra.

Example 2.5 IfL=({0,a,1},—,,0,1)isa
bounded L-algebra, then D = (D, —,v,u,[0,0],[a,

al, [1,1]) is a triangle bounded L-algebra, in
which, D={[0,0],[a,a],[1,1]} ,»[0,0] =[O,
0] =via,a] =[0,0] ,andv[1,1] =u[1,1] =ula,
a] =[1,1] . The implication operations defined on L
and D are presented in Tables 9 and 10, respectively.

Table 9 Cayley table for the implication operation of L

- 0 a 1
0 1 1 1
a a 1 1
1 0 a 1

Table 10 Cayley table for the implication operation
of D

— [0,0] [a,a] [1,1]

[1,1] [1,1]
[a,a] la,a] [1,1]
[0,0]

[1,1]
[1,1]
[1,1]

It is obviously that (D, —,[0,0],[1,1]) is a
bounded L-algebra. We use the same method as in
Example 2.2, and it can be concluded that D is a
triangle bounded L-algebra and it is also a triangle
semiregular L-algebra with negation.

In Example 2.5, we can find thatu' = [a,a]’ =
[a,a] —[0,0] =[a,a] =u . Moreover, since (v[0,
01" =(v[1,1])" =[1,1]" =[0,0] =u[0,0],
(v[1,1]")"= (»[0,0])"= [0,0]"= [1,1] = u[1,1],
and (v[a,a]")’ = (v[a,a])' = [a,a]’" = [a,a] =
ula,a] , we can observe that ug = (ve')' for any
¢ € D. Therefore, this example can be used to
explain the existence of the triangle bounded L-algebra
given in Proposition 2.1.

In Ref. [ 8], a semiregular L -algebra I with
negation can forms a lattice with meet and join
operations, wherep Vo= (¢ "—w™ ) —¢ , 0 Nw=
((¢p—w) —¢') forallo,w € L.

We consider that the triangle semiregular L-
algebra (A € L x L, —,v,u,0,u,1) with negation is
generated by a semiregular L -algebra L with negation.
For any [, ,¥,],[w,,w,] € A € L x L, in which
U, <¢,, 0, < w,, and we define [, ,¢,] < [w,,
w, oY, < w,and iy, < w,. And the operations » and
M are preserving meet and join operations for
components, that isv[ ¢, ,,] Vv[w,,0,] =v[, V
oL, Voo,], vl ] ANvle,e,] =0l¢ No,,
by Ny ], wlig ,] N ple o] =ply, N o,
by, Ny, and i, V oplo,0,] =uly, V
o,V o,].

Theorem 2.1 If a semiregular L-algebra [, with

.7 .
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negation can generate a triangle semiregular L-algebra
(A, —,v,u, [0,0],[0,1],[1,1]) with negation,
then v, ¢, ] = [, ] andpuldp, .4, ] = [¢,.¢,]
for any [¢,,,] € A.

Proof We first prove thato[ ¢, i, ] =v[ ¢, ,1]
for every [, ,,] € A. We can conclude that

”[wlalﬂz] =v[¢1,¢z] V [0,0] =

o[, ] Vo[ 0,1] =ol¢, 1]

Suppose v[ ¢, ,¢,] = [w,,0,] and [w,,0,] #
(¢4, ] for [0,,0w,] € A. Then [w,,0,] =v[§,,
o] =vlg 1] =yl ] < [¢,.¢,]. We have
w, <Y,, sincew, = ¢, theny, = w, <w, <, this

implies that [w,,w,] = [&,,¢,], which is a
contradiction.

We can conclude that v[¢,,1] = v[¢,,¢,]
vy, ¢,] =v[lw,0,] =v[lw,1], and [1,1]
nl0,1] < plo,,1] < ply,, 1], since [0,1] <
[w,,1] < [¢,,1] . Therefore, v[¢,,1] =v[w,,1]
andu[,,1] =l o, 1], we have [#,,1] = [w,,1].
Then ¢, = w,. Therefore, v[ i, ,,] = [, ,,] for
every [, ,i,] inA.

Now, we prove that u[ ¢, ,¢,] = [, ,¥,] for
every [, ,¥,] in A. We can get that

pl ] =ply ] A[1,1] =

pl ] A pl0,1] =p[0,4,]
for every [i,,,] € A. Suppose u[ .1, ] = [e,,
c,]and [¢,,c,] # [, ,,], for [c;,c,] inA. [¢c,
el =l ] =pl0,4, ] =ule, ¢, ] = [4,,4,],

we have ¢, > ,. If ¢, =¢,, thene, < ¢, =9, < ¢,,

I:Cl’cz:l 7 Wz,iﬂz], a

which would imply
contradiction.

We can conclude that u[0,¢,] = ul¢,,,] =
pl ] =ple,,e,] =u[0,¢,],and [0,0] =2[0,
1] =2v[0,c,] =»[0,4,], since [0,1] =[0,¢,] =
[0.,]. Hence, 1[0.45,] = »[0,¢,] and w[0.4,] =
ul0,c,], we have [0,¢,] = [0,c,]. Then ¢, = c,.
Therefore, w4, ,,] = [¢, i, ] for every [, ¢, ] inA.

Therefore, v[ i, 4, ] = [, 4, ] andpuly, ¢, ] =
(4,4, ] for any [¢, 4, ] € A.

It is worth noting that in Theorem 2.1, if [w,,
w,] € A, then we also require [w,,1], [0,0,],
lw,,0,],[w,,0,] € A.

In an algebra X with join and meet operatons,
¢ € X is called meet irreducible, if for any ¢, ,i, €
Xsuch that s, N\ ¢, =, then ¢, = or ¢, = ¢ .
Similarly, ¢4 € X is called join irreducible if for any
o, e X, Vg, =y, thenyp, =ory, =¢.

Proposition 2.4 In a triangle semiregular L-
algebra (A, —,v,u,[0,0],u,[1,1]) with negation,

.8 .

which is generated by a semiregular L-algebra L with
negation. If [0,0] is meet irreducible and [1,1] is
join irreducible, then u = [0,1] or u = [, ] for
some ¢ € L.

Proof Letu=[¢,,,] for some [¢,,,] € A
If p, =f,, thenu= [, b, ]. I, <ib,, thenu # [,
W, andu # [, i, ]. We havev[ i, b, ] #Zou= [0,0]
oru[ ¢, ] #pu=[1,1].

We can conclude v[ i, i, ] > v[¢p,,b,] =vu =
10,01, since [ 1,17 =pu =p[ 4, ] < ulrs b, ],
because n and » are increasing. We can use the same
method to prove w[ ¢, ,¢,] < [1,1] . Therefore, we
can conclude that v[i,,,] # [0,0] and u[d, i, ] #
[1,1]. Since »[0,¢,] < v[¢,,¥,] =10,0], it
follows that

v[0,11 A vl ) =v([0,1] A

[, ,]) =v[0,¢,] =[0,0]
since [ 0,0] is meet irreducible. Therefore, »[0,1] =
[0,0].
Since
(L, 1] =puly, ] sply, 1] =p([0,1]V
Ly, 1) =[0,1] V uld, 4]
and [ 1,1] is join irreducible, we can conclude that
[1,1] =nl[0,1].

This means that»[0,1] =wvuandu[0,1] =puu ,
so we obtainu =[0,1] .

Corollary 2.2 If a linear semiregular L-algebra
L with negation can generate a triangle semiregular L-
algebra (A, —,v,u,[0,0],u,[1,1]) with negation,
in which A € L X L contains more than four elements,
thenu =[0,1] .

Proof We can find that (A, —, [0,0], [1,
1]) is a linear semiregular L-algebra with negation,
[0,0] is
irreducible, according to Proposition 2.4, we can find
thatu = [,y ] oru=[0,1] , where0 < ¢4 < 1and
Y el.

Now, we want to prove that u = [, ] does not

meet irreducible and [1,1] 1is join

hold. Since A has more than four elements, for w e
INO,,1} ,0< ¢y <w <1lor0 <w < ¢ < 1.
WhenO < ¢y <w < 1, wehave [1,1] =u[¢, ] <
ply,o]. Soul¢,0] =puly,¢]. Forv[y,w], we
havev[ ¢, 0] Z [0,4] or vy, 0] < [0,¢]. vy,
w] < [0,] does not hold, since [0,1] < u[0,1] =
ply gl Apl0,1] = pul0y] swl¢,0]=rv[y,o] <
[f,w], and so w < 1. Hence, v[¢,w] Z [0,¢] .
Consequently, v[¢,w] = v, 0] < v[0,¢] <
vig,p] =[0,0]. Then v[¢f,w] = v[¢f,i]. Since
pl,w] =ply, ], we can get that [¢,w] = [,
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Y], a contradiction.

We can use the same method to prove when 0 <
w < < 1,u=[¢,] does not hold. Therefore, we
can conclude thatu = [0,1] .

Example 2.6 We setL = (L, —,v,u,[0,0],
[0,1],[1,1]), in which, L = {[0,0],[0,a],[0,1],
[1,1]} ,»[0,0] = u[0,0] = »[0,1] = »[0,a] = [0,0],
pl0,a] = [0,a] w[1,1] = p[1,1] = p[0,1] = [1,1].

The operation — of L is shown in Table 11.

Table 11 Cayley table for the implication operation of L
— | [0,0] [0,a] [0,1] [1,1]
[o,0] [[1,1] [1,1] [1,1] [1,1]
[0,a] |[O,1] [1,1] [1,1] [1,1]
[0,1] [[0,a] [0,a] [1,1] [1,1]
[1,1] [[0,0] [0,a] [O,1] [1,1]

It is obviously that L = (L, —,[0,0],[1,1])
bounded L-algebra with
negation. Moreover, we can find that ¢y, < i, for any
[¢1,¢2] el.

It is easily that we can verify ( TL1) - (TL6),
(TL8), and (TL1')-(TL5") hold.

For (TL7). We can find thatv([0,1] —[0,a])=
v[0,a] = [0,0] < [1,1] = v[0,1] — v[0,a],
v([0,1]—[0,0])= »[0,a] = [0,0] <[1,1]
v[0,1]—2[0,0], andv([0,a] —[0,0])= »[0,1]
[0,0] < [1,1] = »[0,a] — »[0,0]. The same
methods is used to prove that v([¢,,¢,] — [w,,
wzj) = V[‘/’l"pz} - Vliwl5w2} for any [lpl’lpZJ ,
[w,,w,] € L.So (TL7) holds.

For (TL9), we can obtain that ( TL9) holds
through verification.

is a linear semiregular

Therefore, we can conclude that L = (L, —,v,u,
[0,a],[0,1],[1,1]) is a linear triangle bounded
semiregular L-algebra.
Ideals

3 Triangle Bounded

L-algebras

of Triangle

In this section, we propose and explore triangle
ideals of different types of triangle bounded L-algebras.

Definition 3.1
bounded L-algebra L is referred to an triangle ideal if

The subset [ of triangle

for any ¢,y € L , the following conditions are satisfied;
D1el
2) fo,o = € I, thenyy € I
3) Ifo e I, then (¢ =) = € I
4) Ifpoel, thenyy -, > (o— ) e I
5) Ifo eI, thenvp € 1.
In a triangle ideal / , we haveup € lifp € I,

since ¢ < u¢ and Definition 3. 1. We can easily
discover that the triangle ideals of triangle bounded L-
algebra L is special ideals of L-algebra, and {1} and L
are two triangle ideals and they are trivial. It can be
observed that when L can constitutes a triangle
bounded KL-algebra, the set [ is a triangle ideal if it
only needs to satisfy conditions 1), 2), 3), and 5).
If L can constitutes a triangle bounded CL-algebra,
then [ is a triangle ideal if it only needs to satisfy
conditions 1), 2), and 5).

Example 3.1 In Example 2.2, [ = {[a,a],
[1,1]} is fulfilled with the conditions of the triangle
ideal of a triangle bounded L-algebra. Thus, it is a
triangle ideal of the triangle bounded L-algebra A.

Proposition 3.1 Let (L, —,v,u,0,u,1) be a
triangle bounded L-algebra. If [ is a triangle ideal of
the triangle bounded L-algebra L , then ¢ € Isvp € 1
and I N E(L) is an ideal of the bounded L-algebra
E(L) .

Proof Let/ be a triangle ideal of the triangle
bounded L-algebra L. We have ¢ € Isve e 1,
according to Definition 3.1 and ( TL1). It can be
obtained that E( L) is a bounded L-algebra, according
to Corollary 2.1. It is obvious that E(L) is a trivial
ideal of E(L) . We can examine that I N E(L) is
satisfied with conditions of ideal of L -algebra, for any
¢o,w e E(L) C L.

It is straightforward to examine that 1 € I N
E(L) . fo,p—w e INE(L) ,thenp,p —>w el
and ¢, — w € E(L) . Since I is a triangle ideal of L
and E(L) is an ideal of (L) , w € landw € E(L) .
Therefore, w € I N E(L) .

Ifope INE(L),theng € Tandp € E(L). We
can get that (¢ > w) »w € landw — ¢,w — (¢ —
w) e I, since I is a triangle ideal of L . Moreover, we
have (¢ > w) »w € E(L) andw —¢,0— (¢ —w) €
E(L), since E(L) is a bounded L-algebra. Therefore,
(p—w)—welNE(L) andow—¢,0— (¢ —w) €
INECL).

Therefore, I N E(L) is an ideal of E(L) .

Proposition 3.2 Let (L, —,v,u,0,u,1) be a
triangle bounded CL-algebra. If ¢ € I&vp € ITand I N
E(L) is an ideal of the bounded L-algebra E(L) ,
then / € L is a triangle ideal of the triangle bounded
CL-algebra L .

Proof If Lis a triangle bounded CL-algebra and
INE(L)is an ideal of E(L) , and ¢ € vy € I
Therefore ,

we only need to demonstrate that

conditions 1) and 2) in Definition 3.1 are satisfied.
.9.
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We can find that1 e INE(L) €I For any ¢,w € L,
ifo,p—w e I, thenve,v(p — w) € I Since vo,
vip—w) e I NE(L).
Because (v¢ —wvw) € E(L) andv(p—w) — (vo—

v(p—w) € E(L), vp,

vw)=1 e INE(L), we can get that (vo —vw) €
I N E(CL). Because vo € I N E(L), we have vw €
INE(L) €I,and sow € 1.

Therefore, I € L is triangle ideal of the triangle
bounded CL-algebra L .

Theorem 3.1 If (L, —,v,u,0,u,l) is a
triangle bounded CL-algebra and I € L, then ¢ €
Isve e Tand I N E(L) is an ideal of the bounded L-
algebra K (L) iff I is a triangle ideal of L .

Proof
we can get thatp € [ovp e Tandl N E(L) is a ideal
of the bounded L-algebra E( L) iff I is a triangle ideal
of the triangle bounded CL-algebra L.

Definition 3.2 A bounded L-algebra L with
negation is regarded as a Stonean bounded L-algebra if

According to Propositions 3.1 and 3.2,

the supremum of ¢" and ¢" is 1, for any ¢ € L.
Definition 3.3 A triangle bounded L-algebra L
is regarded as a Stonean triangle bounded L-algebra if
L is a Stonean bounded L-algebra.
In Ref.[2],
and it satisfied condition ¢ < w iff @'

if L is a KL-algebra with negation

< ¢' for any ¢,
w € L. Then L can define the meet and join operations.

Example 3.2 Let
=(i[0,a],[a,a],[0,1],[a,1]}, —
D’M,[Oia}’[o’]‘]’[a,l})
with Hasse diagram as shown in Fig.3, in which, 0 <
a<12[0,1]=v[0,a] =p[0,a] =v[a,a] =[0,
al,pla,al =la,a] ,andvla,1] =pla,1] =pl0,

1] =[a,1] . The operation — defined on L is shown
in Table 12.
[a.1]
[a,a]
[0,a]
Fig.3 Hasse diagram of L
Table 12 Cayley table for the implication operation of L
N [0,a] [a,a] [0,1] [a,l]
[0,a] la,1] [a,1] [a,1] [a,l]
la,a] |[0,1] [a,1] [0,1] [a,1]
[0,1] [a,a] [a,a] [a,1] [a,l]
la,l] [0,a] [a,a] [0,1] [a,l]

.10 -

It is obviously that
=(1[0,a],[a,a],[0,1],[a,1]}, —
v,u,[0,a],[0,1],[a,1])

It is a triangle bounded KL-algebra with negation
and it satisfied condition x < y iff ' < x' , for all
x,y € L Moreover, we find [0,a]’ V [0,a]"=[a
1] V[0,a] =[a,l],[a,a]’ V[a,a]"=[0,1]V
la,a] = [a,1],[0,1]"V [0,1]"= [a,a] V [1,1] =
[a,1],and [a,1]" V [a,1]"=[0,a] V [a,l] =
la,l] . Therefore, [4,4]"'V [4,4]"=[a,1] , for
any [ 4,4] € C.

It can be concluded that L is a Stonean triangle
bounded L-algebra.

Example 3.3 LetL= (L, —,v,u,[0,0],[a
al, [1,1]) be a triangle bounded L-algebra with

Hasse diagram as shown in Fig.4, in which, L={[0,
0],la,a],[1,1]},7[0,0] =p[0,0] =v[a,a] =
[0,0] ,v[1,1] =u[1,1] =pula,a] =[1,1]. The

operation — of L is presented in Table 13.

[1.1]

[a.a]

[0,0]
Fig.4 Hasse diagram of L

Table 13 Cayley table for the implication operation of L

— [0,0] [a,a] [1,1]
0,0] | [1,1] [1,1] [1,1]
a,a] la,a] [1,1] [1,1]

] 0,0] [a,a] [1,1]

It is obviously that L is a triangle bounded
L-algebra. However, the supremum of [a,a]’ = [a,
aland[a,a]”"=[a,a]is[a,a],not[1,1].

Therefore, L is not a Stonean triangle bounded
L-algebra.

Proposition 3.3 If L is a Stonean triangle
bounded KL-algebra, then E(L) = {¢ € L| vp = ¢}
andS ={p € L1 (vep)'
KL -algebras and are closed with respect to the

= 0} are Stonean bounded

operations v and . on L .

Proof Since L is a Stonean triangle bounded
KL-algebra, ¢ = 0 =vp —vw =v(vo —vw)=v(p—
w) , for any ¢,w € E(L) C L. Therefore, E(L)= {¢ €
L vp = ¢} is closed under the operation — in L . For

any ¢ € E(L), we havevyp =¢p € E(L) andup =¢ €
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E(L), according to Corollary 2.1. Consequently, we
can get that E(L) = {¢ € L| ve = ¢! is a Stonean
bounded KL-algebra and is closed under the operations
vandpu .

According to Proposition 1.1 andw < ¢ —w, we
can find that (v(¢—w) )’ < (vw)’' =0, for every ¢,
w € S C L. Therefore, it can be concluded that o —w €
SandS = {¢ € L1 (vep)’ =0} is closed under the
operation — in L. Moreover, S={¢ € LI (v¢)' =0}
is a Stonean bounded KL-algebra. For any ¢ € S, we
have (vvp)' = (vp)’ =0, since vwp = v and (vp)' = 0.
Therefore, v € S . Moreover, v¢ < vup, since ¢ <
. Therefore, (vue)' < (ve)’ =0. We can conclude
that (pue)’ = 0. Consequently wep € S. As a result,
S=1{¢ €Ll (vp)' =0} is closed under the operations
vandupon L .

Proposition 3. 4
KL-algebra L with negation, We will demoonstrate

In a triangle bounded

that the following conclusions hold and are equivalent.

1) (vle—w)) =(v(w—¢)) foranyp,w €
L\ {0} .

2) (vwo = vp)' = (ve — vw)' for any ¢, €
I\ O] .

3){p e LI (ve)' =0} =L\{0} .

Proof 1)=3) : Forevery¢,w € L\{0} , we
can get that (v(w —¢)) = (v(¢—w))' . Whenw =
L, (v(1—=9))" = (v(e—1))", thatis (vp)' =
(v1)"= 1’ = 0. It can be concluded that L\ {0} C {¢ e
Ll (vg)' = 0} . Moreover, it is obvious that {¢
L1 (ve)' =0} CL\{0} . Therefore, {¢ € LI (vp)' =
0l =L\{0} .

3) =>1) :For any o, 0 € L\{0} , if {¢ €
Ll (vp)' =0} = L\{0} , thenp,w € {@ € LI (vp)' =
0}. We have (v(¢ > w))' < (vo)' =0, sincew <
¢ — w and Proposition 1.1. So, (v(¢—w) )’ =0. We
can use the same method to obtain (v(w —¢) )’ =0.
Therefore, (v(¢ > w))’' = (v(w—¢) )’ for any ¢,
w e L\{0} .

2)=3) : Let (vw—ve)' = (vo —vw)' for any
¢,w € L\{0} . Ifw =1, then

(vo —ve)' = (vp —mvw) =

(vl »ve) = (veg —vl)'=
(re)' =1"=0

We can conclude that L\ {0} € (@ € Ll (vp)' =
0}. Moreover, it is obvious that {¢ € LI (vp)'= 0} C
L\{0}. Therefore, {¢ € L1 (vp)' = 0} = L\{0}.

3)=2) : Let {o € L1 (vp)' =0} =L\{0} .
Then for any ¢,w € L\ {0} ={p € LI (vp)' =0} ,

we have (vo —ve)' < (vp)' =0, since vy < vo —
ve and Proposition 1.1. Therefore, (vo — ve)' = 0.
We can use the same method to obtain (v¢ —vw)’ =
0 . Therefore, (vw —ve)' = (v — vw)' for any ¢,
w e L\{0} .

Theorem 3.2  If the triangle bounded KL-
algebra L is satisfied with condition (vw —ve)’ = (ve
—vpw)’, for any ¢,w € L\{0} , then L is a Stonean
triangle bounded L-algebra.

Proof According to Proposition 3.4, if (v —
vw)' = (vw — ve)' , for any ¢,w € L\{0} , then
o eLl (vep)' =0} =L\{0} . We can conclude that
¢ < (vgp)' =0, since (TL1) and Proposition 1.1.
Hence, ¢’ =0 and so ¢"” = 1. Therefore, the supremum
of ¢" and ¢" is 1, for any ¢ € L. Then L is a Stonean
triangle bounded L-algebra.

When L is a Stonean triangle bounded L-algebra
and L' = {¢' | ¢ € L} is a complement space of L.
Then we can observe the supremum of ¢ and ¢’ is 1,
for any ¢ € L' . If the infimum of ¢ and ¢’ is 0, for
any ¢ € L', then L' forms a complementary lattice. In
the following text, we will refer to Stonean triangle
bounded L-algebra as the Stonean algebra, without
causing any ambiguity.

Corollary 3.1 If the triangle bounded KL-
algebra L is satisfied with one of the conditions in
Proposition 3.4, then L is a Stonean algebra.

Definition 3.4 In a triangle bounded L-algebra
L with negation, the triangle ideal / of L is a Stonean
triangle ideal if the supremum of ¢’ and ¢” belongs to /
under v operation, for any ¢ € L.

Definition 3.5 In a triangle bounded L-algebra
L with negation, the triangle ideal / is an extended
Stonean triangle ideal if the supremum of (vwg)’ and
(vp)" belongs tol , forany ¢ € L.

Remark 3.1 Let L be a triangle bounded KL-
algebra with negation and join operation. If 7 is a
Stonean triangle ideal of Landv(¢ V w) =ve V vo for
any ¢,w € L, then [/ is an extended Stonean triangle
ideal.

Proof The supremum of ¢’ and ¢” belongs to /
under » operation, thatisv(¢” V ¢') e I, foralle €
L , since I is a Stonean triangle ideal. Moreover,

v(e"V @')=v(e) V

v(e") < (ve)" V (ve)'
according to ( TL7 ). Therefore, v(¢" V ¢') —
((rve)' V (ve)")=1¢€e 1. Sincev(e"V ¢') €T,
we have (v@)' V (v@)” e I. Hence, we can get that
c11 -
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the supremum of (v¢)’ and (ve)” belongs to I, for
any ¢ € L. Therefore, / is an extended Stonean
triangle ideal.

Example 3.4 In Example 3.2, it is clearly that
I=1{[a,1]} is fulfilled with the conditions of the
ideal of a triangle bounded L-algebra. Thus, it is a
triangle ideal of

L=({[0,a],[a,a],[0,1],[a,1]}, —,

v,u,[0,a],[0,1],[a,1])

Moreover, we can find that {[ae,1]} is a
Stonean triangle ideal of L and {[a,1]} is also an
extended Stonean triangle ideal.

Example 3.5 LetL = ({0,a,1}, —,0,a,1)
be a triangle bounded L-algebra, in which, u0 =v0 =
va = 0and v1 =l =pa = 1. The operation — of L is
presented in Table 14.

Table 14 Cayley table for the implication operation of L

— 0 a 1

0 1 1 1
a a 1 1

1 0 a 1

We can prove that / = {1} is an extended Stonean
triangle ideal of L. However, we can find that the
supremum of ¢’ = @ and «” = a do not belong to /.
Consequently, / = {1} is not a Stonean triangle ideal
of L.

Theorem 3.3
bounded L-algebra. If [ is a triangle ideal of L , then /

Let L be a Stonean triangle

is a Stonean triangle ideal of L .

Proof When L is a Stonean triangle bounded L-
algebra and / is a triangle ideal of L. For all ¢ € L ,
The supremum of ¢’ and ¢" is 1, and so the supremum
of ¢" and ¢" is also 1 under v operation, since v1 = 1
and 1 € I. Consequently, /is a Stonean triangle ideal
of L.

Proposition 3.5
algebra L with negation. If {1} is a Stonean triangle

In a triangle bounded L-

ideal of L , then L is Stonean algebra.

Proof Let {1} be a triangle ideal of L. Then
the supremum of ¢’ and ¢” belongs to {1} under v
operation, for any ¢ € L. Sincevp < g@andvl =1, it
can be concluded that the supremum of ¢’ and ¢” is 1.
Hence, L is a Stonean triangle bounded L -algebra.

Corollary 3.2
L with negation, {1} is a Stonean triangle ideal of L

In a triangle bounded L-algebra

iff L is Stonean algebra.
Theorem 3.4
triangle ideal of the triangle bounded L-algebra L and J

- 12 -

Let / be an extended Stonean

be a triangle ideal of L , where I € J. Then J is an
extended Stonean triangle ideal of L .

Proof
ideal of L. Then the supremum of (v¢)’ and (ve)”

Let / be an extended Stonean triangle

belongs to / , for all¢ € L. So, it can be concluded
that the supremum of (v¢)’ and (v¢)” belongs to J ,
since ] € J. Consequently, J is an extended Stonean
triangle ideal in L .

Corollary 3.3 Let L be a triangle bounded L -
algebra with negation. {1} is an extended Stonean
triangle ideal of L iff every triangle ideal of L is also an
extended Stonean triangle ideal.

Proposition 3.6
KL-algebra L with join operation. If v(¢ V w) =ve V

In a Stonean triangle bounded

vw for any ¢ ,w € L, then triangle ideal / of L is also
an extended Stonean triangle ideal.

Proof
KL-algebra with join operation, then {1} is a Stonean

Let L be a Stonean triangle bounded

triangle ideal of L , according to Corollary 3.2. We
can conclude that {1} is an extended Stonean triangle
ideal of L by Remark 3.1. Therefore, every triangle
ideal / is an extended Stonean triangle ideal in L,
according to Corollary 3.3.

Proposition 3.7
triangle bounded KL-algebra L with double negation

If I is a triangle ideal of a

andif o € L, theno € ITor¢’' € I, thenlis an
extended Stonean triangle ideal.

Proof For everyp € L. Wheng € I , we have
¢" €l , sincevep € landve = (ve)” . Therefore, the
supremum of (v¢)’ and (ve)” belongs to /. When
¢ ¢ I, wehave o' € I, and so (vp)' € L, since ¢’ <
(vp)'. Thus the supremum of (ve)’ and (ve)”
belongs to /. Consequently, [ is an extended Stonean
triangle ideal.

Definition 3.6 For any ¢,w e L ,if the subset
I of a triangle bounded L-algebra L with the meet
operation is referred to as a lattice ideal ,the following
conditions are satisfied :

1) Ifoelandp < w , thenw € I;

2) Ifo,w eI, thengp N w € I;

3) Ifo € I, thenvyp € L

Example 3.6 In Example 3.2, it is clearly that
I=1{[a,1]} is fulfilled with the conditions of the
lattice ideal. Thus, /= {[a,1]} is also a lattice ideal.

Definition 3.7'2'  We refer to (S, *, —,1)
as a left hoop if the following conditions are satisfied
for any ¢, ,0 € S ;

1) (S, *,1) is a monoid;

2) p— @ =1;
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3) (p*¢h) mw=0p— (¢ w);

4) (f—w)*h=(0—=y) *o.

In Ref. [ 8] , a semiregular L -algebra L with
negation is a left hoop. Hence, we have ¢ * 0 < ¢ N\
wforanyp,w € L, sincep < w—>gpande < v —
w = 1.

Proposition 3.8
L-algebra with negation, then a triangle ideal of L is a

If L is a triangle semiregular

lattice ideal.
Proof
semiregular L-algebra L with negation, then / holds on

If I is a triangle ideal of a triangle

conditions 1) and 3) of Definition 3.6. We only need to
prove thatg A w e I for any ¢,w € I. Since ¢ *w <
e Nwop<w—pNwSop—(w—p Nw)=1c¢€
I. Since I is a triangle ideal, w — ¢ A w € I. Hence,
¢ N w e I, since w € I Therefore, I can forms a
lattice ideal of L .

4 Conclusions

Triangle bounded L -algebras and ideals have a
great significance in the study of fuzzy logics and
logical algebras. This paper focuses on exploring
triangle bounded L-algebras and triangle ideals.
Firstly, we extend the definition of bounded L-algebra
to the notion of triangle bounded L-algebras by adding
aconstantu ¢ {0,1} and two unary operations » and
. Secondly , we defined the notion of triangle ideals of
triangle bounded L-algebras to explore the connection
between the triangle ideal I of triangle bounded L-
algebra L and the ideal I/ N E( L) of bounded L-algebra
E(L) . In addition, by introducing the concept of
Stonean triangle bounded L -algebra, we study its
properties and the connection between Stonean triangle
algebras and ( extended ) Stonean triangle ideals.
Various classes of triangle ideals, including Stonean
triangle ideals, extended Stonean triangle ideals, and
lattice ideals, are introduced and studied. Finally, the
interrelationships among various types of ideals are
investigated. In the future, we will characterize the
structure of triangle bounded L-algebras by studying
closure operators, interior operators, and local
bounded L-algebras, and further investigate closure

operators and interior operators in Stonean spaces.
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