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Abstract: An innovative design method is outlined in this paper for the pointing control mechanism of large space
flexible antennas. This method focuses on enhancing the accuracy and stability that are crucial for large spacecraft
applications, such as space solar power stations. Utilizing potential energy function analysis, the dynamics of the antenna
are modeled, treating it as an equivalent n-joint robotic arm. This approach simulates the rigid-flexible coupling effect
through joint angle manipulations. The proposed HJI( Hamilton-Jacobi-Inequality) sliding mode robust control integrates
HII principle, dissipative system theory, and sliding mode control, offering improved pointing accuracy and robustness.
Simulation results underscore the superiority of HJI sliding mode robust control over traditional PD ( proportional-
derivative) control in initial response, precision, and control smoothness, albeit at the cost of higher control torque
requirements. This research underscores the potential of HJI sliding mode robust control in facilitating precise pointing
control for future large space structures, enabling efficient space missions and reliable energy transmission.
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0 Introduction

Super large spacecraft are indispensable assets for
space missions and deep space exploration. One
notable example is the Space Solar Power Station
(SSPS),
synchronously, efficiently converting the continuous

which is envisioned to orbit the earth

solar radiation into electricity, as shown in Figs.1-3.
This electricity is then beamed down to the earth’s
surface using wireless microwaves. The concept of
SSPS traces its origins back to the 1960s'*’ when it
was first introduced by American scientist Dr. Peter.
Since then, various designs have emerged from
different countries, encompassing the basic abacus
form, multi-rotor joints SSPS, and the innovative
OMEGA SSPS.

A key element facilitating information and energy
transmission between the SSPS and the ground is a
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gigantic flexible antenna, spanning a diameter of

1 km. Although not constructed from inherently
flexible materials, this antenna exhibits flexibility due
to its ultra-low fundamental frequency and an
exceptionally high area-to-mass ratio. These unique
properties present significant challenges to the dynamic
stability and performance of the SSPS'”".

The large flexible antenna represents a unique
type of space structure, distinguished by its very low
stiffness, remarkably high area-to-mass ratio, and
Such highly

susceptible to structural deformations induced by

considerable mass. antennas  are
external perturbations like gravity gradients, which
can negatively impact pointing accuracy. This makes
their dynamic analysis distinct from that of standard
spacecraft. In the realm of dynamic analysis
methodologies, Wittenburg'® introduced the Newton-
Euler method, a representative vector mechanics

approach widely used for analyzing large flexible
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structures. Another significant branch of research is
analytical mechanics, where Shabana, a prominent

figure, employs the Hamilton principle to model and

7]

analyze multi-flexible body systems'

Several different structure space solar power stations ( Reprinted with permission from the
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Fig. 3 Schematic diagram of energy transmission to earth for a large flexible antenna

Over the past four decades, Kane’s theorem'®

has emerged as a novel analysis method for multibody
dynamics. This theorem, building upon D’ Alembert’s
principles, introduces deflection velocity/deflection
angle velocity as an independent variable to
characterize system motion. As spacecraft structures
increase in size, Wie'®' has observed a substantial
decrease in structural stiffness, leading to pronounced
flexibility

characteristics. ~ This  flexibility can

.2

[2-3]

significantly impact control accuracy when the
spacecraft is subjected to external interference torque.

Recent studies have extended the Udwadia-
Kalaba (U-K) multi-body dynamic ( MBD) formula
to dynamically model flexible multibody systems
using lumped parameter methods' "', This extension
explores the natural frequencies of the system,
providing  deeper

insights into its dynamics.

Additionally, a stable and efficient cosimulation
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strategy has been proposed'''’ | suitable for multi-
flexible body dynamics ( MFBD ) and the discrete
element method (DEM). This integration enables the
of DEM into MFBD
enhancing the analysis capabilities for such systems.

incorporation software,,

In China, researchers have treated a flexible

solar wing as a flexible beam structure' '’

. Using
Lagrange equations, they established a rigid-flexible
coupling primary approximate dynamic model of
spacecraft. This model verifies the phenomenon of
dynamic rigidity in large flexible spacecraft during
rigid body motion, providing valuable insights into
their behavior.

Furthermore, a finite element dynamic model has

been developed for central

13-14]

rigid-flexible beam
systems" This model addresses rigid-flexible

coupling problems and applies classical linear
quadratic regulator ( LQR) technology for optimal
control of central rigid-cantilever beam scenarios. This
approach can be extended to other flexible spacecraft
control situations, broadening its applicability and
enhancing the overall control of such systems.

( QSP )
proposed by Li'"’ from Northwestern Polytechnical

The quasi-sun-pointing scheme,
University, exhibits exceptional pointing control for
large flexible structures and has the capability to track
solar motion. Moreover, a proportion — differential
controller has been devised to effectively minimize
structural vibration amplitude, eliminating the need
for attitude control torque.

Zhang’s''®’

control method integrates a phase-
high-bandwidth

controller. This integration allows for swift antenna

plane controller with a robust

reorientation ~ while  reducing  excessive  fuel
consumption caused by gravity gradient, solar light
pressure, and microwave reaction torque.

Mu''”" has developed a dual-loop control system
aimed at maintaining the attitude and tracking the
position of sliding masses in super-large spatial
structures. To alleviate the effects of low-frequency
vibrations on pointing accuracy, a vibration isolation
scheme based on a quasi-zero stiffness system,
consisting of computer-aided- manufacturing( CAM) ,
roller, and spring, has been designed.

Hiroaki''®' introduced an intelligent reflector
antenna system. It features a deformable secondary
reflector and six actuators that work in conjunction
with the main reflector. This system compensates for

the impact of main reflector deformation on pointing

accuracy.
Andrea''®’ examined the scaling rule of attitude
actuators for orbiting solar reflectors. This rule can be
applied to the pointing structure of large antennas in
space-based solar power stations and solar satellites.
Angeletti *’
control

proposed an attitude/vibration

architecture rooted in the u synthesis
framework. This architecture addresses the decreased
pointing accuracy caused by the interaction between

rigid buses and flexible structures. A comparative

analysis against a baseline proportional-integral-
derivative ( PID ) controller underscores the
effectiveness of robust collocated control.

Overall, these studies highlight innovative

approaches to enhance pointing accuracy and control
in complex and flexible space structures, paving the
way for more efficient and precise space missions.

The idea of this paper is as follows: the
dynamics equation of the antenna yields the target
attitude, with the specific control object being the
pointing control mechanism of the large flexible
antenna. In this context,the pointing control mechanism
of antenna is analogized to a n-joint robotic arm by
utilizing potential energy function analysis, and its
attitude control is achieved through the manipulation
of the robotic arm’s joint angle changes.

1 Application Scenario and Feasibility Analysis

1.1 Space Large Flexible Antenna

Space solar power stations convert solar energy
into electricity via solar panels and transmit the energy
back to earth wirelessly, such as microwaves or laser
beams. In this process, space large flexible antenna
plays a crucial role. They can not only serve as
receiving antennas, effectively capturing microwave
or laser beams from space, but also serve as

transmitting  antennas,  wirelessly  transmitting
electrical energy to ground receiving stations in a
stable and efficient manner. This wireless transmission
method overcomes the limitations of traditional cable
transmission and improves the flexibility and coverage
of energy transmission.
1.2 Practical Significance of the Research

In the “Guidance for the First Batch of Major
Projects of the 14th Five-Year Plan” released by the
Natural
(NSEC) in 2021, a project concerning “ Space

Assembly Dynamics and Control of Ultra-Large
© 3.

National Science Foundation of China
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Aerospace Structures ”  was highlighted, with a
pressing issue identified as the complex coupling
problems in such structures. In line with this, the
“Zhuri Project” (literally translating to “Chasing the
Sun Project” ) , aiming to establish a gigawatt (GW ) -
scale space solar power station by 2050, underscores
the importance of addressing these challenges.

Furthermore , the “Tiangong Kaiwu Initiative” ,
proposed at the First Space Science and Experimental
Academic Exchange Conference of the Chinese
Society of Astronautics in September 2023, which
envisions visioning the capability for resource
exploration and development throughout the Solar
System by 2100, underscores an even more urgent
need for ultra-large aerospace structures, particularly
large flexible antennas capable of wireless energy
transmission. Pursuing research in this area can help
China secure a leading position in future space
exploration and development endeavors, while also
fostering short-term advancements in large commercial
satellites and space station expansion.

By delving into the dynamics and control of these
intricate structures, China stands poised to not only
contribute significantly to the global space science
landscape but also facilitate economic growth and

technological innovation through the development of
large-scale space-based infrastructure.
1.3 Equivalent Model of Antenna Control

Mechanism

In this paper, the large flexible antenna of multi-
rotating joint space solar power station ( MRSSPS)
proposed by Hou Xinbin'*"' | Qian Xuesen Space
Technology Laboratory of China Academy of Space
Technology, is taken as the research object.

As shown in Fig. 4, the attitude control
mechanism of MRSSPS is connected to other parts
through a very long truss structure, and the analysis
of the antenna attitude control mechanism can be
regarded as the analysis of an ultra-long rod structure
(attitude control mechanism + truss)'*’. Due to the
interference of space environment, the structure will
be deformed and the accuracy of the antenna to the
ground will be reduced. Therefore, it is necessary to
restrain the deformation of the combined “ bar
structure” in the design control method. As can be
seen from Fig.5, when the spacecraft is motivated to
deform in orbit ( Synchronous earth orbit,), it is
mainly perpendicular deformation, so the paper
mainly studies the perpendicular deformation of the
structure.In Fig.5 , Lis the length of the spatial structure.

1 km diameter
transmitting antenna

150 m,

200 m

|<—600 m _.|

Fig. 4 Schematic diagram of MRSSPS

& L=100 m axial
L:288,m axial

4L L=500'm axial |
L=800 m axial
L=1000 m axia

0 S e ————8
0 0.01 0.02 0.03 0.04 0.050.060.07 0.080.09 0.10

Axial deformation(10>m)
o

Time(s)
(a) Axial deformation of different lengths within 0.1 s
100 L2188 m perpendicular(simplified
_ L=200 m perpendicular(simplifie
L=3500 m perpendicular slmphpeg
—— L=800 m perpendicular(simplifi
S0r L=1000 m perpendicular(simplified)

0 z : : : ; h

0 0.01 0.02 0.03 0.04 0.050.060.07 0.08 0.09 0.10
Time(s)

& (b) Perpendicular deformation of different lengths within 0.1 s

rpendicular deformation(m)

Fig.5 Structure shape variable diagram of space
rod under different lengths

This paper employs the potential energy function
analysis method to establish an equivalent dynamic
equation, which treats an ultra-long rod-like structure
as an equivalent n-joint robotic arm, as shown in Fig.
6. The deformation of the structure is simulated by the
rotation of each segment around its corresponding
joint, with larger joint angles indicating more
pronounced deformation. The overall deformation of
the structure is reflected by the total potential energy
function, which is calculated as the weighted sum of
individual potential energy functions. The weight
coefficients of these individual potential energy
functions in the equivalent model are determined by
the deformation magnitudes observed at different
locations in the actual spatial rod-like structure.
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Fig. 6 Schematic diagram of equivalent dynamics model of very large space structure

1.4 Feasibility Demonstration

The potential energy function method has been
widely used in the field of spacecraft control. For
example, the potential energy controller designed
based on the artificial potential function method can
effectively guide the spacecraft to avoid obstacles and
accurately dock the target spacecraft in the close

rendezvous and docking mission. In addition, in

spacecraft attitude redirection control, the potential
energy function method is also used to solve the
attitude planning problem under multiple constraints.
The equivalent dynamic model of aerospace structure
is established by using this method. The following are
the main aspects of feasibility analysis:

1) Theoretical foundation.

Potential energy function: A potential energy
function is used to describe the energy of an object
in different positions or states. For a system like
an elastic rod, its potential energy mainly comes
from elastic deformation. By accurately describing
the potential energy function of the elastic rod, we
can capture the key characteristics of its dynamic
behavior.

2)Lagrange equations.

The Lagrange equations are a powerful tool for
They establish the

motion equations of a system through the difference

describing system dynamics.
between its kinetic and potential energies (i.e., the
Lagrange function ). This method is particularly

suitable ~ for complex  multi-degree-of-freedom
systems, such as multi-joint robotic arms.

3) Equivalent modeling.

Similarity between elastic rods and robotic arms
When subjected to force, elastic rods undergo bending
deformation, and their dynamic behavior can be
analogized to the coordinated motion of various joints
in a multi-joint robotic arm. By reasonably dividing
the elastic rod and equating each segment to a

lightweight connecting rod, assuming these rods are

connected by hinges, we can establish an approximate
multi-joint robotic arm model.

4) Degrees of freedom and generalized.

(1) Coordinates. After equating the elastic rod to
a multi-joint robotic arm, the angle of each joint can
serve as a generalized coordinate of the system,
uniquely describing the system’s state. This equivalent
treatment simplifies the dynamic analysis of the
system.

(2 ) Computation and simulation. Numerical
calculation; The dynamic model established using the
Lagrange equations can be transformed into a series of
differential equations. By solving these equations
numerically, we can obtain the motion trajectory and
velocity of the system under different conditions.

2 Dynamic Equation

2.1 Antenna Dynamic Model

As the primary focus of this paper is on
the
pointing, the dynamic modeling of the antenna itself

discussing control mechanism for antenna
will not be delved into in detail. Instead, we construct
the position vector of the antenna within the absolute
coordinate system. Leveraging the second Lagrange
theorem and the Hamiltonian principle, we derive the
dynamics equations for large flexible antennas. For a
more comprehensive understanding of the modeling

process, we encourage readers to refer to Refs.[22-24].

Mg, +(C,+G,)q, + (K +K, +
(D)
K:.)q,=F

where M is the mass matrix, C,, is the damping matrix,
G, is the additional mass matrix caused by rigid and
flexible coupling, K, is the linear stiffness matrix, K, is
the nonlinear stiffness matrix, K, is the dynamic stiffness
matrix caused by rigid and flexible coupling. ¢, is the
generalized coordinate for the displacement of an
antenna element node.
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2.2 Dynamic Equation of Antenna Pointing
Control Mechanism

Based on the equivalent modeling theory
proposed in Chapter 2 of Ref.[25], we employ a
manipulator configuration featuring two degrees of
freedom to model the pointing control mechanism,
Within this framework, r, and r, signify the position
coordinate vectors for the two arms. Furthermore, the
lengths of the robot arms are designated as [, and [,
and their corresponding masses are identified as m,

and m,, respectively. The generalized coordinate

vector, denoted as ¢ = [0, 0,]" , is defined to

’

accurately describe the system configuration.

o h L T
r, = [?cos 0, in 0, ] (2)
l, l, .
r, = [l,cos 6, +?cos 0, I[sin6, +Esin 0, ]
(3)
| R 1 )iy
T, = ?mlrlrl =§m11101 (4)
T, = imz’.‘zT’.‘z = i’%“?e% +
2 2
2 (5)

. I
1,1,6,0,cos(0, - 0,) + faj]

oT o(T, +T,) 1 s
370. :T - ?m2lll201928m(‘91 - 0,)

(6)
o _ (T, +T,) 1 e
@ = T = Emzlllzﬁlﬁzsm(ﬁl - 02> (7)
The generalized coordinate parameters 6, and 6,
correspond to the generalized forces F, and F,
respectively.
L

— —sin 0,

F, = [m,g 0] + [m,g 0] -

L,
—cos 6,

2

—l,sin 0, 1 .
{ Licos 6, ]z_ (2m]gll + ngllj sin 6,

F, =[mg 0] [8} + [myg 0] -

[
- Ezsin 0,
I =- ?nglzsin 0,

— cos 0,

(8)

According to Lagrange’s equation ;

oT\ oT
d(.j——F&:o (9)
de aq aq !

It can be obtained:
1 . . 1 .
[Zmllfel + mzﬁel +?mzlllzﬁzcos(01 -0, -
1 . . .
?mzlllzﬁzcos(el -0,)sin(6, -6,)] -
1 .
[?mleZZQIOZSln(gl -0,)] -
1 :
[ - Emlgl1 + mygl, |sinf,] =0
1 . 1 S
[—m,l,1,0,cos(6, — 6,) +—m,l;0, -
2 4
1 . . .
?m211l201(01 - 0,)sin(0, - 02)] -

1 S
[?mzlllzﬁlﬁzsm(ﬁl -60,)] -

1
[ - —m,gl,sinf,] =0

2
(10)
0.25m,l; + m,[; 0.5m,l,l,cos(6, - 0,)
0.5m,l,l,cos(0, = 0,) 0.25m,1, *

él - 0.5m,l,1,03sin( 6, - 6,)
0, 0.5m,1,1,6sin(0, - 6,)
- (0.5m,gl, + m,gl,)sin 6, [0} "

- (0.5m,gl,sin 6,) ) (D

Mg +C(q,9) +G(q)=0 (12)
When accounting for constraints involving
nonindependent coordinates, the global coordinate
vectors are established at the origin of the two
segments of the manipulator arm connected to the
torque actuator, as outlined below .
R, :[Rll Rﬂ’ Rzz[R; Ri}
Since 6, and 6, are independent coordinates, the

generalized coordinates can be categorized into

independent and nonindependent coordinates as

follows ;
g=lq @] =[6, 6, R R R R
(13)

There exist two positions subject to position
constraints; one at the articulation point between the
first robotic arm and the central truss of the space
power station, and the other at the articulation point
between the two robotic arms. These constraints can
be represented by the following two sets of equations



Journal of Harbin Institute of Technology ( New Series)

l
R} - ?lcos 0,=0

/ (14a)
R - Elsin 9, =0
1 ! 1 12
R, + —cosf, =R, — ——cos 0,
2 2 (14b)
l I,

R + ?lsin 0, =R - ~sin o,

The whole system constraint equation can be
expressed as

K (q)
K,(q)
K= |
K;(q)
K,(q)
R} = 0.5l,cos 6, 0
R} - 0.5],sin 6, _ 0
(R} + 0.5l,cos 0,) — (R, — 0.5,cos 6,) 0
(R +05l,sin0,) - (B -05sin0,) | LY
(15)

The Jacobian matrix of the entire system’s
constraint equation can be derived, and it can
similarly be partitioned into independent coordinates
and nonindependent coordinates;

Kq = [in qu} =
0.57;sin 6, 0 1 0 O 0
= 0.5/, cos 0, 0 01 O 0
-05/,sinf, -05sinf, 1 0 -1 O
0.51,cos 0, 05lcos, 0 1 0 -1
(16)
The variations of the nonindependent and
independent coordinates exhibit the following
relationship ;
0q, = K;0q; (17)

Hence, the generalized coordinate variation for
the entire system is represented as follows:

aqi _ 5‘1. B I B
o= |:6qd:| B [Kdiﬁqiil - |:de6qi =B,04q;

(18)
Due to
o -
—sin 6, 0
2
L,
— 5 cos 0, 0
K, = I / (19a)
— —sin 6, sin 6,
2
[, l
—cos 0, cos 6,
2

1 0 O 0
0 1 O 0
K = 19b
a 1 0 -1 0 (19b)
o1 0 -1
) -
- ?sin 0, 0
L
5 ¢os 0, 0
Ky=-K, K, = Z
-lsinf, - “sin 0,
Leos, Zcosd
I cos 6, ?CO’:, |
(20a)
~ | 0 -
0 1
L,
- —sin 6, 0
2
L,
B, = — ¢os 0, 0 (20b)
. 2 .
-l;sinf, - — sin 0,,
L,
l,cos 0, — ¢os 0,
The kinetic energy of the system is:
| I | I
T = EmlRfR1 + ?mzRng (21)

The generalized inertial force vector can be
obtained as follows:

)] -

[0 0 m,R, mR;

i e
000 0 0 0],
000 0o o of%
00 m 0 0 0|R
00 0 m 0 0|p
00 0 0 m 0]

R,
00 0 0 m|

&2

(22)
Thus, the dynamic equation of the pointing
control mechanism can be derived as follows

1
10 —lelsinﬁl Elloosel —lsin 6, Lioos 0,

1 1
01 0 0 —El,sin02 El,oos 0,

.7 .
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00 0 0O 0 O
00 0 0O 0 O
00m 0O 0 O
00 0 m 0 O
00 0 0 m O
00 0 0 0 m|
- | 0 -
0 1
- 0.5,sin 0, 0 0,
0.51,cos 6, 0 6, +
—1l;sin 6, - 0.5/,;sin 0,
| lcos 6, 0.5/,cos 0, |

1 1
10 —Ellsinﬂ1 Elloosﬂl —lsin®,  lcos#,

01 0 0 —%llsinﬁ2 %1100802
00 0 0 0 O]
00 0 0 0 O
0 0m O O O
00 0 m 0 O
00 0 0 m O
00 0 0 0 m|
- 0 0 -
0 0
- 0.50,0,cos 8, 0 b
- 0.5,0,sin 6, 0 {GJ
= 1,0,cos0, - 0.51,0,cos 0,
| ~1,6,sin 6, - 0.51,0,sin 0, |

1 1
10 —Ellsinﬂ1 31100501 —lsin®,  lcos 6,

1 1
01 0 0 —Ellsinﬁ2 31100502
F o
0
mg| 10
1=1o] (23)
m,g
L 0 ]

025m,[; +m,[;
05myl,l,cos(0, —6,)

05myl,l,cos(6, - 6,) él
025m,1;

- 0.5m,l,1,03sin(0, - 60,) || 6,

0.5m,l,1,0%sin(6, - 6,) |6,

- (0.5mgl, + mygl)sin®, | [0
- 0.5m,gl,sin 6, “lo

(24)

The equation is rearranged to include the first

derivative ~ of  the  generalized  coordinates,
incorporating external disturbance and modeling error
terms. Given that the generalized force analyzed
previously consisted primarily of heavy torque and did
not account for the control torque, the control torque

F is now introduced into the equation.
M(q)q +C(q.q9)q +G(q) +A(q.q) +d=F
(25)
where, M(q) is the inertia matrix; C(q,q) is the
Coriolis force term; G(¢q) is the gravitational term; F

is the control moment; A(q,q) is the model error
(caused by the model building method itself, not due
to external interference ); and d is the external
inference term, which includes the gravity gradient
moment, geomagnetic interference moment, light
pressure  moment and microwave reverse thrust
moment.

Due to the extremely low fundamental frequency
of large flexible antennas, they are prone to vibrations
induced by excitations. In the antenna pointing control
mechanism, the rigid-flexible coupling relationship
between the flexible antenna and the control
mechanism is reflected by the external disturbance
quantity d, as well as the changes in the joint angles
of the n-degree-of-freedom manipulator in the
equivalent dynamic equation.

3 Controller Design

The key point of the control method designed in
this paper is the combination of HII principle,
dissipative system theorem and sliding mode robust
control. The following will explain the theoretical
basis of HJI principle and dissipative system principle
used to design sliding mode robust controller, as well
as the energy evaluation process, and list the design
steps of the controller. The specific controller design
process is shown in Fig. 7.

3.1 HJI Principle and Dissipative Systems

Theory
3.1.1 HJI(Hamilton- Jacobi-Inequality) principle overview

It is an inequality form based on the Hamilton-
Jacobi equation, which is used to deal with optimal
control, robust control and other problems. In
nonlinear control systems, HIJI inequalities define a
partial differential inequality to solve the optimal
control strategy or the control law satisfying certain
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performance indexes. Compared to the standard
Hamilton-Jacobi-Bellman ( HIB) equation, the HIJI
inequality loosens the strict requirements for
optimality, resulting in greater robustness when
dealing with uncertainties, disturbances, or model

€ITorsS.

START

Large space antenna ‘l’
control mechanism IDissipative systems theoryl

Potential energy function . l - -
analysis meth(%zi/ I Dissipative 1nequa11ty|

Hamilton-Jacobi
inequality

Equivalent model
of antenna control
mechanism

System performance
index J

Feedback
control law u

Meets the HJ
principle?

END

Fig. 7 Controller design flow diagram

1) The theoretical basis of HJI principle is used
to design controller;

(1) One of the theoretical foundations of the HJI
principle lies in dynamic programming and optimal
control theory. Dynamic programming provides a
method for solving optimization problems with multi-
stage decision processes, while optimal control seeks
to find control strategies that minimize a given
performance criterion. The HJB equation represents
dynamic programming in continuous-time optimal
control problems, and the HJI inequality is a more
general form used when uncertainties or disturbances
are present.

(2) Essentially, the HJI inequality is a partial
differential equation ( PDE) inequality. By solving
this inequality, control laws that meet certain
performance criteria or robustness requirements can be
found. PDE theory provides mathematical tools and
methods for solving the HJI inequality.

(3) Stability is a core consideration when
designing controllers. The HJI inequality ensures the
stability of the closed-loop system by defining a
control strategy that satisfies stability conditions. By
adjusting the inequality’s parameters and forms,

controllers with different stability and robustness
characteristics can be designed.
2) Application of the HIJI principle in controller

design;
(1) The HII inequality has important
applications in robust controller design. By

constructing appropriate HJI inequalities, control laws
with strong robustness against model uncertainties,
external disturbances, etc., can be derived. Such
controllers maintain a certain level of performance
even when system parameters change or disturbances
exist.

(2) Combined with adaptive techniques such as
neural networks, the HIJI inequality can be used to
design adaptive controllers. Neural networks can learn
and identify system uncertainties online, while the HJI
inequality provides a method for adjusting control
strategies based on this uncertainty information. This
combination enables controllers to respond and
optimize control performance in real-time in dynamic
environments.

(3) Although the HJI inequality relaxes strict
optimality requirements, solving it can still yield near-
optimal control strategies in some cases. Particularly
when dealing with systems with complex dynamics
and constraints, the HIJI inequality provides an
effective solution method.

3.1.2 Dissipative systems theory

The dissipative systems theory and the HII
principle play pivotal roles in control theory,
exhibiting close connections and complementarity.
The dissipative systems theory quantitatively describes
the energy dissipation properties of systems through
the concepts of storage functions and supply rates,
while the HJI principle provides an effective tool for
designing control strategies that meet specific
performance criteria by solving partial differential
inequalities.

3.1.3  Relationship between dissipative systems theory
and HJI principle

1) Overlapping theoretical foundations.

(1) Both dissipative systems theory and the HII
principle are grounded in dynamic programming,
optimal control theory, and partial differential
equations ( PDEs). Dissipative systems describe the
energy dissipation properties of systems through the
concepts of storage functions and supply rates,
whereas the HIJI principle seeks to find control

strategies satisfying specific performance criteria by
. 9.
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solving partial differential inequalities.

(2) In certain cases, the inequality conditions in
dissipative systems theory can be translated into HJI
inequalities, particularly when considering optimal
control problems for systems.

2) Design of control strategies.

(1) The dissipative systems theory provides a
methodology for designing robust controllers by
ensuring the system’s dissipativity with respect to a
given supply rate, thereby achieving robustness
against uncertainties and disturbances.

(2) Similarly, the HJI principle is utilized for
designing optimal or suboptimal control strategies,
particularly in the presence of uncertainties or
disturbances. Solving HJI inequalities yields control
laws that meet specified performance criteria.

3) Stability analysis.

(1) The storage function and supply rate
concepts in dissipative systems theory are intimately
related to Lyapunov stability theory, facilitating the
analysis of system stability.

(2) When designing control strategies using the
HII principle, the impact of the control strategy on
system stability is often considered to ensure that the
closed-loop system satisfies stability conditions.

3.1.4  Process

dissipative systems theory

of assessing energy dissipation in

1) Definition of storage function and supply rate.

(1) For a dissipative system, a non-negative
storage function S ( x) must first be defined,
representing the “stored energy” of the system at state
X.

(2) Additionally, a supply rate function s(u,y)
is defined, which quantifies the “supplied energy” to
the system from external inputs u and outputs y.

2) Establishment of dissipation inequality.

(1) The dissipation inequality characterizes the
energy dissipation behavior of the system over any
time interval [ ¢,, ¢, ], stating that the stored energy at
time ¢, is no greater than the stored energy at time ¢,
plus the supplied energy over that interval.

(2) Mathematically, this is expressed as:

S(x(1) = 8(x(1)) + [ 'SCu(r) x(7))dr

3) Analysis of system dissipativity :

(1) The dissipativity of the system is assessed
by verifying whether the dissipation inequality holds
for all
conditions. If the inequality holds for all such cases,

.10 -

admissible input functions and initial

the system is deemed dissipative.

(2) If the dissipation inequality holds with
equality, the system is conservative. Furthermore, if
the storage function is not restricted to being non-
negative, the system is called cyclically dissipative.

4) Application of dissipativity in controller
design.

(1) In controller design, the properties of
dissipative systems can be leveraged to develop
control strategies that meet specific performance
requirements. For instance, by appropriately selecting
the supply rate function and storage function, robust
controllers can be designed that are resilient to
uncertainties and disturbances.

(2) Moreover, dissipativity can be employed to
analyze system stability and the interconnection
stability of different systems.

Based on the above, HII sliding mode robust
controller is designed using HJI principle and
dissipative system theory. The following are the
specific design steps.

3.2 Control Law Design
For nonlinear systems
3 8T/ + g0 df(0) =0
"y =h(x),h(0)=0
If it is dissipative with respect to the supply rate

(26)

S(d.y)= %72 Il —% [ the £,-gain (we define it
as J ) < vy ,there exists a storage function S;: X —R" ;
$Gx(1) = 3(x1)) < 5 [ ) IF -
ly(e) ) de (27)
5.00f(v,d) < oy lal? = IhCe,d) [, ¥, d

(28)

Note ;: The supply rate represents the rate at which
the system receives energy from external inputs. In
control theory, it is usually defined as some kind of
function of the input and output vectors that quantifies
the amount of energy a system receives from its
external environment.

The storage function represents the energy stored
inside the system. It is a non-negative function that
describes the level of energy stored by a system in a
certain state.

In dissipative system theory, L,-gain is an
important performance index to measure the degree of
amplification from input to

energy output.

Specifically, the L,-gain describes the maximum upper
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bound on the ratio of the energy of the system’s
output signal to the energy of the input signal over a
certain period of time.

The differential dissipation inequality (28) for

> amounts to:

S.(0) (o) +g()d) = 2o 1]
(29)

1

A pre-Hamiltonian function K is defined by
converting the dissipation inequality to a form related
to the Hamiltonian function

K(x,p,u)=p'f(x,u) -

S(u,h(x,u)) < (30)

K(x’p7u*(x’p) ) b vx’l)’u‘
K(x,8;(x),u”(2,8,(x))) <0,Vx (31)
If the corresponding pre-Hamiltonian operator

has the largest u"(x,p) , then the equation is as

follows .
. 1, .
u =)7g'(x)Si(x> (32)
Then the dissipation inequality is equivalent to
K(x,8:(x),u”(2,8,(x))) <0,Vx (33)

Define the Hamiltonian operator
H(x,p) =K(x,p,u”(x,p)) (34)
The dissipation inequality is then further
transformed into the Hamilton-Jacobi inequality ;
H(x, ST(x)) <0,V (35)

S, (x)f(x) + 75 L(x)g(x) -

g'(x)S;(x) + (36)
|
?hT(x)h(x) <0,Vx eX
The HIJI theory is described in more detail as
follows! 27271,
. Hh(x)Hz
Define / = sup ————— , such that
lal=o || dl],
Hh(x)Hz
< 37
ke e, 7 G
If there exists a positive definite and

differentiable function L(x) = 0, then
1
< 07 Il - <) (V) (38)

When v is small enough to ensure that J is small
enough, and d is bounded, then there is ||h(x)[, —0,

e— 0, e — 0.1t proves that the output of system y =
h(x) is convergent. In summary, HIJI sliding mode
robust control can reduce the system error by
changing the y value, and then improve the control
accuracy.

The specific steps of controller design are
outlined below. The dynamic equation of the space
antenna pointing control mechanism has obtained from
the Eq. (25):

M(q)q +C(q,9)q +G(q) +A(q,q) +d=F
(39)

F=u+M(q)q,+C(q,q9)q,+G(q) (40)
Here , u represents the feedback control law employed
in HJI sliding mode robust control, while F' denotes
the signal corresponding to the control input. g is the

actual pose information, ¢, is the expected pose, andé

and ('],1 are similar. The position error e and velocity
error e of the transmitting antenna of the space solar
power station can be determined.

e:q_qd’ézq_qd (41)
The control law Eq.(40) can be substituted into
the multi-body dynamics Eq. (26 ) to obtain the
following ;
M(q)e +C(q,q)e +A(q,q) +d=u (42)
Sliding mode function was defined ass = e + ae,
« is the error adjustment coefficient.

e=5 - qe
Ms=—-Cs +w-A-d+u

® = Mae + Cae

(43)

, D =d + A ,by employing the
HII inequality, the aforementioned equation can be
expressed in the following manner .

5 - e 0
* i(—Cs+a)+u) o LArd)
M M
z=h(x)=e +ae=s
(44)

Define the positive definite and differentiable
function V(x)

1 .
V=—s"Ms (45)
2
- | S
V=?sMs+sMs=
1 ..
sT(—Cs+w—D+u)+?sTMs: (46)

1 )
?sT(M -20)s +s"(w - D +u)

- 11 -
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Due to the control mechanism is slanted

symmetrically
%sT(M—zc)Fo (47)
Letu =— w + k ; then, Eq. (47) is equal to:
V=-5"D+s"k (48)
According to Eq. (38), we obtain:
S50+ st Dl - el (49)
When employing the aforementioned formula

. 1 1
sk D=Lzl (50)

1
Letk =- ?s + k,. The evaluation function, z is
equal to s, thus leading to the following conclusion;
1 1 1
- Szl + ks < S ID1E - el

So,
T 1 2 2
bs' < 2 DI (51)
To ensure that the above formula is established
and satisfies the HJI principle, the following equation
can be used:
1

kl == ys

(52)

Because it can obtain:

lzll} 2
-— <Ipl; (53)
2y 2

After the deformation of the formula, the
system’s  anti-

expression for evaluating the
interference. In order to express the anti-interference
performance of the system, the performance index is
defined as J.
Performance index J can be derived
[E &

J=SHPH#OHWB—74 (54)
2

When vy is small enough, the performance index
J will be small enough, thereby enhancing the system
robustness. Based on the aforementioned statement;

1
u=—w+k=—w—?s+k1=
1 | (55)
-w - —§ - —§
2 2')/2
Due to w = Mae + Cae, s =é + ae , we have

obtained :
(Mae + Cae) — ( ! + ! )(e + ae)
=- « ae) - (— + — a
u e e 272 2 e e

(56)
To sum up, the schematic diagram of the control
system can be obtained, as shown in Fig.§8.

9alg,

M(g)q,+C(q.9)q9 +G(q)

. o1
—(Moce+Cae)—(2y2 + 5 Yétae)

Transmitting antenna torque
actuator of space solar power

|| Angular position/angular

velocity sensor
station q

<. ¥

Fig.8 H]JI sliding mode robust control structure diagram

The Lyapunov function is defined as follows:
1
L= 5 s"Ms (57)

where M is the inertia matrix. Then, the following Eq.
(58) is obtained:

. R
L =s"Ms +?sTMs=sT(—Cs +ow-A-

1 : 1
d+u) +_s'Ms=s"(-d-A-—s -
2 2y

- 12 -

1 1 y
?s) + ?sT(M -2C)s =—s'(d + A) -
1 1

ﬁsvrs - ?sr"s (58)
Definition :
. 1 1
=ity 1D+ L2l -
T T 1 T 1 2 2
-s'D-—s"s——s's-—y* D[ +
y 2 2
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1
o el (59)
Because of:
1 1 1|1 :
-s'D-—s's——y’ ID|5=-— | —s +yD| <O
2y 2 2 0y 2
. 1
- ss+ [ =0
2 2
(60)
Then, H =< 0, the following equation can be
obtained :
Loy Iolz- Il (6D)
2 2

According to HJI theory, J < y can be obtained,
and the solid property index meets the requirements.

4 Data Simulation

To simplify the calculation process, the antenna
control mechanism is represented as a dual-articulated

mechanical arm'*

consisting of two arms with
lengths denoted as /, and /,, and masses represented
by m, and m, respectively. For the torque actuators
installed in the space solar power station, the total
length of a single robotic arm is set to 10.2 m,
matching the dimensions of the robotic arm on
China’s Tiangong Space Station. Each segment
measures 5.1 m in length, and the entire assembly
weighs 370 kg, the orbital altitude is about
36000 km, the radius of the earth is about 6371 km

(g=~0.222 m/s*).
Mg+Cq+G+D=F

M= [Mn M|2:|
M, M,
M, = (ml + mz)l% + mzlg + 2m,l,1,cos q,

M, =M, = mzlg + myl,l,cos g,

M,, = mz@
C:|:_Clzqz _Clz(ill +Q2)}
€, 0
_ [Glil {Gl = (my +my)licos g, + mylycos(q, +q,)
G, | |G, = myl,cos(q, +q,)

Cp, =myl;sin g,

Figs.9—-12 clearly shows that by increasing the
error adjustment coefficient o from to 50 and 100, the
system’s time to achieve the desired accuracy range is
significantly reduced to less than 31 s. This finding
suggests that elevating the value of the error
adjustment coefficient

effectively improves the

system’s adjustment speed. When the proportional-
derivative (PD) method is employed for control ( Figs.
13-15).

——1Ideal position for the joint
Position tracking for 1th joint

,_.
(=

e
h

(=

Attitude angle position tracking for joint

0 5 10 15 20 25 30 35 40 45

Time(s)
Fig9 HJI sliding mode robust control
simulated diagram (@ = 50,y = 0.01)
0.025
£0.020}
o
£
S 0.015
&
3 0.010
2
=
g 0.005
<
0 T e
0 5 10 15 20 25 30 35 40 45 50
Time(s)
Fig.10 HJI sliding mode robust control

attitude angle error simulated diagram
(@ =50,y =0.01)

<

Amplitude for tracking error(10)

N W Rk v N N 0 O
T —— T

37.037.5 38.0 38.5 39.0 39.5 40.0 40.5 41.0

Time(s)

Fig.11 HJI sliding mode

attitude angle error local simulated
diagram (@ = 50,y = 0.01)

robust control

The PD control system achieves an attitude angle
error accuracy of approximately 0.01°, with a steady-
state time of less than 5 s. However, this level of
accuracy fails to meet the stringent control accuracy

<13 .
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requirements. The simulation diagram reveals that PD
control exhibits lower control accuracy compared to
HIJI sliding mode robust control, and it also
demonstrates an overshoot phenomenon. Nonetheless,
PD control retains certain advantages in terms of

convergence speed.

1 L

3‘2 3l4 3‘6 3‘8 4b 4‘2 4;1 46 4I8 5I0
Time(s)

Fig.12 HJI sliding mode robust control attitude

angle error local simulated diagram

(@ =100,y = 0.01)

Amplitude for tracking error(10-)
S = N W ks W N N X O O
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Fig.13 PD control simulated diagram

0.12

S SO~
= > o —
= S ®»® o

S
=)
]

Amplitude tracking error

\ ‘\” H‘ (A ﬁ
| ww,‘\s\{u»‘ UMW I

0 5 10 1520253035404550
Time(s)

(=]

-0.02

Fig.14 PD control simulated diagram attitude

angle error diagram

.14 -

0.07F
0.06+
0.05+
0.04+
0.03+
0.02}
0.01 o

Trre
M il AN W' ‘\‘w\ If

[ITHA U"’

U}H“\ H‘\\HH ‘\f
\M\HMWH\H‘W‘\HH

10 15 20 25 30 35 40
Time(s)

il
\f\'\wmu

O

Amplitude for tracking error

-0.01
-0.02¢

Fig.15 PD control attitude angle error local diagram

5 Parameter Discussion

Based on the data simulation, it is evident that
the HIJI sliding mode robust control achieves the
desired error accuracy within 40 s (a =50,y =0.01).
This time is further reduced to approximately 30 s
when the error adjustment coefficient « is set to 100.
By fine-tuning the value of «, a further decrease in
convergence time can be observed from the
convergence trend indicated by the simulation curve,
allowing for even higher accuracy conditions to be
met. Although PD control demonstrates a faster
convergence speed compared to HJI sliding mode
robust control, its accuracy still falls short of the
required control standards.

The following discussion delves into the
influence exerted by the two control methods on
attitude angle and control moment over prolonged
operational periods.

As evident from Fig. 16, even the anticipated
attitude experiences significant vibrations during the
initial phase due to uncertain interference factors. In
such scenarios, without proper compensation and
correction of the attitude ,
controller’s exceptional tracking performance, the
target attitude

Consequently, the precise pointing control of the

target despite the

remains unstable and inaccurate.
space antenna cannot be ensured.

Upon comparing the simulation graphs ( Figs.17-
20), it becomes apparent that HJI sliding mode
robust control excels in compensating for and
correcting vibrations in the target attitude, particularly
noticeable in the attitude angle g, during the initial
phase. Consequently, this leads to improved control

performance in subsequent tracking, ensuring greater
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antenna pointing accuracy for space solar power
stations.
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Fig.16 The target attitude angle diagram under
interference condition( GEO)
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Taking into account various orbit factors, the
orbit has been established at an altitude of 380 km,
which corresponds to the orbit of China’s Tiangong
Space Station where the gravitational acceleration is

approximately 8.7 m/s’>.

Compared to simulation results obtained in
geosynchronous orbit, the performance of HII sliding
mode robust control falls short of PD control in low
earth orbit. Specifically,

vibrations,

q, experiences periodic
indicating that the effectiveness of HII
sliding mode robust control increases with orbit
altitude. This makes it highly suitable for the very
large space antennas typically deployed in high orbits.
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Fig.19 HJI sliding mode robust control attitude
angle variation diagram(LEO)
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Fig. 20 PD control attitude angle variation
diagram(LEO)

Figs.21-24 illustrate the control torque required
for long-term orbit operation of a large flexible
antenna using HJI sliding mode robust control and PD
control, respectively. It can be observed that the
maximum control torque is needed at the beginning of
the control process, which gradually decreases over
time. Even after the attitude of the space antenna
stabilizes, a certain amount of control torque is still
required to suppress vibrations and ensure antenna
pointing accuracy. Notably, HIJI sliding mode robust
control outperforms PD control in terms of control

.15 .
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accuracy, but it demands a higher control torque to
mitigate vibrations compared to PD control.
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Fig.21 The torque needed of HJI sliding mode
robust control( global)
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Fig.23 The torque needed of PD control( global)

In summary, HJI sliding mode robust control has
significant advantages in pointing control accuracy for
large flexible antennas of space solar power stations

that need to operate in high orbits, such as

.16 -

it holds broad
such as attitude

geosynchronous orbits. In the future,
application prospects in other areas,
control of ultra-large solar sails and manned spacecraft
for Mars missions.
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Fig.24 The torque needed of PD control(local)

6 Conclusions

Based on the potential energy function theory,
this paper establishes an equivalent dynamic model for
the pointing control mechanism of large flexible
antennas, analogizing it to an n-joint robotic arm. The
rigid-flexible coupling relationship between the rigid
control structure and the flexible antenna is simulated
through the rotation of joint angles. The absolute node
coordinate method and the Hamilton principle are used
to create a dynamic model for a large flexible
antenna, pinpointing the desired attitude angle and
attitude angular velocity. Through the application of
the coordinate separation method, we derived the
equivalent dynamic equation for the antenna pointing
control mechanism, incorporating a non-independent
variable constraint. The control law of HII sliding
mode robust controller is derived by HIJI principle and
dissipative system theorem, and its performance
evaluation index is determined. When compared to
traditional PD controls, the HJI sliding mode robust
control demonstrates notable superiority in terms of its
initial response and its ability to suppress overshoot
during sine wave peak inputs for attitude signals. HIJI
sliding mode robust control outperforms traditional PD
control in terms of pointing control accuracy and
smoothness of control, but it requires a higher torque
to suppress vibrations after the attitude angle changes.
This indicates that HJI sliding mode robust control is
particularly suitable for situations where extremely
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high control accuracy is demanded. In summary,
while HIJI sliding mode robust control excels in
precision and smoothness, it comes at the cost of
higher torque requirements for vibration suppression.

Nonetheless, it remains an ideal choice for

applications that prioritize precision control.
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