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A RKDG GPU parallel algorithm and its acceleration with reordering
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Abstract: To enhance the parallel efficiency of solving Navier Stokes equations, a graphic processing unit ( GPU)
parallel algorithm, ported from Runge-Kutta discontinuous Galerkin ( RKDG ) method, is presented through
constructing element-based or edge-based thread hierarchy and corresponding GPU kernels. The data storage and
access of the algorithm are designed to be compatible for the various types of memories with different latencies. In
comparison with the structured mesh counterpart, in which the structured domain of data dependence is already
quite good for the requirement of coalesced memory access, the irregularity of unstructured mesh shows a negative
effect on the performance of memory access. To remedy the negative effect, a multi-layered element reordering
approach suitable for high-order finite element method is proposed to achieve further acceleration. Starting with the
initial mesh, layer structures of elements or edges are constructed with reordering in a layer-by-layer manner to form
the data structures suitable for coalesced memory access. An example of mesh reordering is provided with the
implementation process detailed. Numerical results of typical flow simulations reveal that the expected order of
accuracy of the proposed algorithm is realized, and the calculated results agree well with experiment data or other
computed resules in the existing literature , with the maximum GPU speedups achieved up to 67.47. Moreover, the
algorithm exhibits the potential to cope with more complex geometries, and the proposed technique can further
achieve reordering acceleration.
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Tab.3  GPU speedups of algorithms with different orders
. 4% TEAERT /s Jinsk
(=R7R r e
(ARSSH AT 1L/ % ) Tepy Tepy Tepy/Topy
2 by G(0) 5.452 1x10°! 9.326 0x107%  58.46
(a) MG (b) MHEH (p=1) H(33)  5.6943x10"" 1.0848x10">  52.49
1(67) 6.0505x10°" 1.2756 x10°%  47.43
1(100) 6.4072x10°" 1.398 7x10°%2  45.81
3 B G(0) 1.140 3 x10° 2.1407x10°2  53.27
(p=2) H(33) 1.171 5x10° 2.4897x10°%  47.05
1(67) 1.2556x10° 2.8734x10°% 43.70
(c) MHEI (d) MHgI 1(100) 1.2779x10° 3.2196x1072  39.69
6 MEHERE 4 By G(0) 2.476 7x10° 4.9405x1072  50.13
Fig.6  Schematic diagram of mesh construction (p=3) H(33) 2.5155x10° 5.6303x1072  44.68

1(67) 2.599 2 x10° 6.5627x10°%  39.61
J(100) 2.6777x10° 7.398 7x10°2  36.19
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Fig.7 Mesh for NACAOO12 airfoil
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Tab.4 Computed drag coefficients

Ma: 0.050.100.15 0.20 0.25 0.30 0.35 0.40 0.45 0.55

@) 28 (p=1) (b) 4K (p=3)
8 DHH=E(2M54 /)

Fig.8 Mach contours (second order and fourth order)
Bt AR SCARHE N AL 9 T B4R MO A K T
— TN () 45 0 PR A% T A RS I 170 x
30,340 x 60,680 x 120 F1 1 360 x 240, FE17 T 5 ¥k
I Re IR, AR L ZE R —BYECT 0k Lkl
o AR A T4 = (R 5 %6 6 81, Ee R [
Alik 67.47, 25 FEFH T EHNE L, anFi
BAET 1 HILFABERS 224k, RS 25 ke

fBE A GPU XI5FGIfiln], Joisitt—5 dHEmEE .,

AR Cp
2B (p=1) 6.341 7 x1072
3B (p=2) 5.714 7 x10 72
4 Fr(p=3) 5.5555x1072
5 Br(3CEki25]) 5.5317x1072

FEMEZ NACA0012 B BRI s ik 45 R

Fig.9

Vo
Vo

\

9 VIR HIMAE (170 x30)
Initial structured mesh (170 x30)

Tab.5 Speedups of algorithms with different orders for flow over NACA0012 airfoil

TR FER /s Jinsk
Bk R A% RS
TCPU TGPU TgPU TCPU/ TGPU TGPU/ TgPU

170 x 30 6.275 1 x10 72 2.8311x1073 2.809 2 x10 3 22.16 1.01
340 x 60 2.6142x10"! 5.435 8 x10 73 5.294 9 x10 73 48.09 1.03

28 (p=1)
680 x 120 1.052 7 x10° 1.644 6 x10 2 1.6353 x1072 64.01 1.01
1 360 x240 4.151 7 x10° 6.153 8 x10 72 6.090 5 x 10 =2 67.47 1.01
170 x 30 1.497 4 x10! 4.6732x1073 4.609 8 x10 3 32.04 1.01
340 x 60 5.958 5 x10 ! 1.271 6 x10 2 1.254 9 x 1072 46.86 1.01

3Br(p=2)
680 x 120 2.378 9 x10° 4.3257 %1072 4.294 0 %102 54.99 1.01
1 360 x 240 9.945 1 x10° 1.693 0 x10 ! 1.665 7 x10 ! 58.74 1.02
170 x 30 3.058 3 x107! 7.961 4 x10 73 7.942 0 x10 3 38.41 1.00
340 x 60 1.236 5 x10° 2.4193 x10 72 2.390 0 x 10 =2 51.11 1.01

4B (p=3)
680 x 120 5.208 1 x10° 8.953 2 x 1072 8.730 4 x 102 58.17 1.03
1 360 x 240 2.075 0 x 10" 3.5104 x10 ! 3.496 2 x10 7! 59.11 1.00
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Fig. 10 Hybrid mesh around a circle cylinder
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Tab.6  Strouhal values

B AR Bk Strouhal
2B (p=1) 0.162 3

E'S 3B (p=2) 0.163 9
4B (p=3) 0.164 5

. Sz 27 0.165 0

Xt ozl 0.166 0

45, 6 10 TN B A% 147 Ak 40 1k 45
1, FH LT B — 2 W vk i 2 1 45 40 5 A 25 F TR A )
¥ (BATTEUT M 5 300 .21 936 179 428) , #H4T44
PRI, R 13 4A T A BT SR B A

Vorticity: -0.50 -0.35 -0.20 -0.05 0.15 0.30 0.45
(::iil!!,“' ' :
)i ‘ Y ‘

(a) 2 (p=1)
B | (.
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(b) 381(=2)
BT | .
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Fig. 11 Vorticity contours for flow over a circle cylinder
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Periodic solutions of calculated lift and drag coefficients
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Jr 4 EHE SR T AR HE S S e, KA FE R —
BT, A i b Bt PO s AR 1S R T 42 757, GPU
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Fig. 13 Elemental correlation matrix for hybrid meshes
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Tab.7 GPU speedups of algorithms with different orders for flow over a cycle cylinder
” THEAERT /s i L
=R7R R A A " "
TCPU TGPU TCPU/ TGPU TGPU/ TGPU
5300 5.676 3 x10 72 2.928 2 x10° 2.826 0 x10 3 19.38 1.04
2 (p=1) 21 936 2.461 2 x10"! 6.140 3 x10 73 5.124 1 x10 3 40.08 1.20
79 428 9.197 8 x10~! 2.013 5 x10 2 1.590 8 x10 2 45.68 1.27
5300 1.196 2 x10 ! 5.3730x1073 5.2132x1073 22.26 1.03
3B (p=2) 21936 5.0343x10"! 1.343 3 x10 72 1.134 6 x10 2 37.48 1.18
79 428 1.849 9 x 10° 4.390 9 x10 2 3.4653 x10 72 42.13 1.27
5 300 2.564 7 x10 ! 9.1527 x10 3 9.385 9 x10 3 28.02 1.09
4B (p=3) 21 936 1.073 5 x10° 2.6157 %1072 2.2051x1072 41.04 1.19
79 428 3.887 2 x10° 9.070 4 x 102 7.068 6 x10 =2 42.86 1.28

3.4 NLR7301 ZEEBTHERLER

KT RN R R AL B J R S IME SRR Y
e, X HZ T NLR7301 £ Br 3 1280 7 /6 5 G
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Fig. 14  Computational mesh for flow over a NLR7301 airfoil



5 8 1]

FIZEER, 45 RKDG A BRIT GPU Bk K HE HE I H AR <41 -

p: 0.58 0.61 0.64 0.67 0.70

(a) K =HE

-8
AL RGH(p=2))

T | STk 54 R 2

. SEI6

20 02 04 06 08 10 12
x/c
(b) R ERRE A

15 NLR7301 BRIZREITHER
Fig. 15 Results for flow over a NLR7301 airfoil
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Tab.8 Effects of reordering with different starting boundaries

AR, 3 9 FI i T DL 3 AR 4R 1 5
AIREE SR, 22 A5 R FRUCIE S, X T AR5 A R A

— RIL GPU i1 L 1 5 ik L 40 25 50 MG O T
X ot ok \—i U N .
_— ff f"f % SRR AR TREE W] 3T B
. . . % e LT DT N } A=
e 30 o o o IS B SR AL BB IR, B354 GPU A TR HE A 2
314 704 1.36 1.36 1.36 R BER
R9 TEFERFAMEL (NLR7301 SERER 3 MR (p=2))
Tab.9 Consuming time and speedups ( NLR7301 multi-airfoil, third order (p =2))
i I}/ a4
o — AR/ i H
Tepy Tépy Tepy/ Tepu Topu/ Tépy
5030 3.761 1 x10 72 2.628 4 x1073 2.5212%x1073 14.31 1.04
19 850 1.597 5x10 ! 6.2773 x1073 5.256 8 x 1073 25.45 1.19
3B (p=2)
78 370 6.470 7 x10 ! 2.030 5 x10 72 1.6109 x10 2 31.87 1.26
314 704 2.776 3 x10° 7.509 1 x10 72 5.526 7 x10 72 39.67 1.36
4 % # % ik

1) B35 V0 B 11 20 A5 445 1 J2 A 31 B o A B T i
SR AR BN TR A9 BB vL AT R 4 — M R
L5k AR TR AR LIARUFI .

2) BRAER A% bS5 T AR X B
RERLUF 2 GPU Xt 5% & JF Ui Inl i 22K, To s E 4k
s,

3) AL AR IR A A b, B AR X
gk EHEIME SRR A LY, EHEE RS 2k
SEFUA S, A B T GPU Xt 55 & Ui n], i 45 53 1
3 GPU i 3 aty I ik — 2L FHE N

4) TR RIS A ) 5 (E A UL 1) 50 B 8 o A5 K 1Y)
GPU fini#

5) B RARYHT I A BR T AT BT, 16
GV B ARG M S AR A R 1Y 5 22 ] BN B
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